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5 An increasing use of statistical methods can be observed in the 


fee oom mee agprenagem 
PMO EE, 


development of contemporary radio engineering and radar. In particular, 


problems connected with the random action of weak signals and interfer- 


cael 


Fe Su Ae ee, 


ences on the receiver cannot be solved without having recourse to 


these methods. It is, therefore, comparatively long ago that statisti- 


ne. ee 


eal analysis was introduced into the theory of receivers to which the 


aes 


whee 


fundamental works of the Soviet scientists V.I. Siforov and V.I. Buni- 


movich contributed to a considerable extent. 


ae 


In the last 10-20 years, however, the range of application of sta- 

istical methods has been expanded. substantially. 

Above all, besides the statistical analysis of concrete variants 
of the signal receiving and processing circuits, the investigation of 
the mathematical principles and qualitative characteristics of optimum 7 
processing is widespread. In the past, the choice of the concrete pro- a 
cessing circuit was connected with a statistical analysis of the indi- 
vidual variants of the circuits or with the choice of optimum values of { 
the individual variants of thé circuits or with the choice of optimum i 
values of the individual receiver parameters so that the problem whe- 
ther the circuit could be designed such as to yield essentially better 
characteristics always remained unsolved. It was the fundamental work 


of V.A. Kotel'nikov [1] (1946) which, for the first time made it possi- 


; ble to obtain an idea of the optimum mathematical operations to be ap- 


| 
- 
| 


plied to the function of time corresponding to oscillations fed to the 
receiver, in order to obtain the best result in the sense of statistics. 
: ei Det 
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| 
In the past one could only speak of the qualitative characteristics one : | 
or another receiver circuit possessed whereas in V.A. Kotel'nikov's | 
work the potential interference suppression wa3 determined, for the 
first time; it is characterized by the best qualitative radio receiver 
characteristics which can be obtained for given signal and interference 
characteristics. 
Secondly, together with the introduction of optimum processing as 
_@ standard in the statistical analysis of given circuits, statistical 
synthesis of circuits exactly or approximately corresponding to the 
mathematical operations of optimum processing begins to be made use cf. 
Previously, before the work of B.A. Kotel'nikov, and even during the 
following 5-10 years after his publication real circuits of signal pro- 
cessing were designed intuitively on the basis of physical considera- 
tions and engineering practice. This situation was also due to the 
fact that the connections between the mathematical operations of opti- 
mum processing and the processes occurring in real circuits had not 
yet been revealed and realized. At present, we are quite able to ap- - 


proach the problem cof a receiver as a@ specialized computer carrying 


out exactly or approximately the linear and nonlinear operations of op- 
timum processing. 
Furthermore, there is no longer a sharp boundary between the pro- 
cessing of radar signals in circuits of radio receiving and indicating 
devices, in automation circuits, digital and analog computing techni- 
que or, otherwise, between intrareceiver, primary and secondary proces- 
sing of radar signals. All these aspects of processing are character- : 
ized by a combination of mathematical operations which have to be 
close to the optimum. In radar, such an optimization is particularly 
important both in the detection of reflected signals and in measuring 
their parameters. Probably, also operations immediately applied to os- 
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cillations of the electromagnetic field which act on the receiving an- oy 
tennas of radars will soon be considered to be the initial links of a py 
single processing circuit. Ro 
Thirdly, besides the determination of the qualitative characteris- ri 
tics of optimum processing for a given signal, a comparative analysis i 
of the results of optimum (and sometimes also not quite ootimum) pro- yr 


cessing of different signals begins to be made use of in order that the oa 
most advantageous among them may be found out. This fact implies that 
the development of the statistical theory of optimum processing inevi- 
tably affects the domain of transmission and coding of eaitted signals, 
and, in particular, of sounding signals in radar. 

It was precisely the statistical theory of detection and measure- 
ment that helped to find ways of overcoming an essential contradiction 
which in the past had arisen between two important demands usually 
made on the designer of a pulsed radar. The first demand is to increase 
the range of action at the expense of the energy of the station if the 
peak power of the electrovacuum devices and the waveguide tracts is 
limited. This is connected with an increase of the snerey oF the sound- 
ing radio pulses at the expense of an increase of their duration. The 


second demand is to have a high longitudinal resolving power. For sim- 





ple pulsed signals (without additional frequency or phase modulations 
or the like) this fact gives rise to a reduction in the duration of the fe 


sounding radio pulses, under conditions of processing which are close 


\ 
' 


to the optimum. 

The elimination of the contradiction is achieved at the expense _ 
of golng over to complex sounding radio signals with an sdaittens’ nod: 
ulation within the limits of the pulse. Since the product of a ppeauens 
cy band and the duration of such signals is essentially greater than 


unity, they are called broad-banded. Broad-banded signals are able to 
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‘ensure high longitudinal resolving power without destroying the opti- 
mality of their processing in receiving. It turns out that a received 
broad-band radio pulse with given parameters (correct as to amplitude 
and initial phase) is compressed in time if it passes through the fil- 
ter which is optimum for it. The longitudinal resolving power of the . 
pulsed radar and its pulse volume are in this case determined by the 
duration of the compressed radio pulse whose duration is essentially 
shorter than that of the sounding signal. This fact explains the great 
attention paid in the last few years to broad~band radio signals and | 
their compression in time, in foreign literature. In the Soviet Union, 
the principles of compression had been worked out independently and be- 
fore the corresponding foreign publications had appeared (see, e.g., 
[14]). 

The constructive value of the statistical theory of radar had not 
been realized at once. One of the pioneers of this theory was the 
English seiientist F.M. Woodward, who had contributed to its develop- 
ment in a high degree. But also he stated in 1953 that the value of - 
this theory mainly lay in the fact that it verified experimental re- 
sults, already well-known.* Developments showed that Woodward's judgmet 
was unnecessarily pessimistic. 

The application of the new radiosignals should change not only the 
aspect of radio receiving, but also that of radio transmitting sets. 
Onze again this settests to the fact that the domains of application of 


the statistical tneory of detection and measurement have outgrown the 





narrow compass of only one course on radio receiving sets held in high- 
er technical schools. 
Consequently, when training specialists in radar it is useful to - 


set forth the statistical theory of detecting and measuring the radar 


signal parameters as the basis of a separate course on the theoretical 
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fundamentals of radar (or, at least, of applied information theory). 

In the last few years Soviet scientists such as L.A. Vaynshteyn 
and V.D. Zubakov [5], S.Ye. Fal'kovich [6], L.S. Gutkin [7] and others 
have published several monographs on problems of the statistical theory 
of detection and measurement. The first part of a serious collective 
work [10] edited by G.P. Tartakovskiy was published. The following 
monographs were published in translation: the short work by F.M. Wood- 
ward [4] which has, however, already played a considerable role in 
the development of radar theory, the voluminous theoretical monograph 
by D. Middleton [8], the interesting work by K. Helstrom [11] which 
was published recently. 

Nevertheless, means of instruction reflecting both the experience 
of scientific and pedagogic work in the Higher Technical School are 
missing. Besides, the technical trend of the theoretical investigations 
is not sufficiently emphasized in the published works. 

The present book is intended to fill this sap. 

The book was prepared as a means of instruction and reflects a 
five-year experience of teaching in Higher Technical Schools where the 
extent of the material set forth was gradually enlarged. . 

Having in mind the purpose of the book, the authors endeavored to 


explain the theoretical results of greatest technological importance, 


making use, as far as possible, of ruther simple mathematical tools. 


The book deals with the fundamental aspects of the statistical 
theory of detecting radar signals and measuring their parameters in the 
presence of Gaussian interferences; it explains the principles of de- 
sign and the theory of optimum detection and measuring devices, and 
gives a great number of examples enabling the reader to familiarize 
himself with the possible applications of theory. The applications of 


statistical theory to measuring angular coordinates are not treated in 
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the present work. Although the book is intended for students of advan- 


‘Ged courses in radio engineering institutions, it may be useful for as- 


ae 


‘pirants and engineers of similar lines of specialization. 
The authors express their indebtedness to A.Ye. Basharinov, N.I. 
Kravchenko, G.A. Kostin, I.N. Busygin and Ye.P. Lebedev for several 


valuable remarks. 
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5 At the end of the fifth chapter of Woodward's book [1] we 
read: "The experimenter may feel inclined to think that the 
theory borders on triviality since it shows what to do, 
whereas it has been well-known for some time. Such a criti- 
cism misses the mark. Investigation shows some theoretical 
ideal not applying to experience and just the fact that it 
confirms the experimental conclusions provides the highest 
satisfaction in it. 
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BASIC CONCEPTS OF THE THEORY OF RADAR SIGNAL DETECTION AND MEASURING 
THEIR PARAMETERS 


Chapter 1 

| §1.1. QUALITATIVE CHARACTERISTICS OF RADAR DETECTION 

, The problem of radar boils down to the obtaining of reliable in- 
! formation on the distribution of targets in space and on their posi- 
tion data. This information is contained in the radio signals reflec- 
ted by the targets. 

Besides useful signals inte: ferences act on the input end of the 
radar receiver. They give rise to errors in the detection of targets 
and in the measurement of their coordinates. Otrer phenomena of ran- 
| dom character cause the same result, e.g., fluctuations of secondary 
radiation, as a result of which the signals are abruptly weakened for 
isolated instants of time. 

Owing to the random character of the signals and interferences 


the performance of the radar is analyzed by statistical methods and 


its qualitative characteristics are specified by statistical parame- 


ters. s 

To start with, we shall deal with the qualitative characteristics 
of radar detection. 

: The result of the detection process must be the solution to the 
problem as to whether or not a target is present in the vicinity of an 
arbitrary point of space within the coverage of the radar. The solu- 


tion may be adopted under two mutually exclusive camditions: 


1 is "there is a target," 


| 
| 
condition A 
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condition A, is “there is no target." 
It is implied that these conditions are unknown wher: the solution is 
being worked out. 

Owing to the interferences and fluctuations of the useful signal 
two forms of solutions may correspond to each condition: 

solution A¥ is "there is a target," 

solution Ag is "there is no target." 
After the detection process has been completed, a third solution — "I 
do not know" — must not exist. Let us pay attention to the fact that 
the solutions Ay and Ag are designated in the same way as the condi- 
tions, except for the addition of asterisks. 

First, we shall consider the case where a target exists (condition 
A,): If in this case the solution At — "there is a target," is forth- 
coming, one speaks of a correct detection. If under the same condition 
the solution A¥ emerges — "there is no target," a target miss takes 
place. Obviously, a target miss is a most undesirable error in detec- 
tion. 

Qualitative characteristics of detection under the condition of 
an existing target are the corresponding conditional probabilities of 
correct detection 

D=P(A\lA,) (1) 
and of target miss 
D=P(A;jA)). (2) 
Since the solutions a% and Ag are incompatible random events and 


correspond to the same condition Ay of an existing target, we have 


a 


D4+-D=1. (3) 


Thus, it is always possible to find the conditional probability 7 





of B of missing the target if the conditional probability of correct 
P ’ detection D is known. If, e.g., for one scanning cycle D = 90.75, the 








ene 














conditional probability of missing is § = 0.25. This implies that the 
radar equipment guarantees, on the average, detection of target in 75% 
of the cases; in about 25% of the cases the target is not detected. 

Let us turn to the case where no target exists (condition Ay)- Un- 
der this condition, nondetection is correct, i.e., the solution Ag ~ 
"there is no target." If the solution Ay — "there is a target," emer- 


ges as the result of the action of interferences, one speaks of a 


false alarm. 


False alarm is a very undesirable error even if, in the following 
processing,. the false information will be screened. False information 
uselessly burdens the system of radar data processing. It may complete- 
ly disturb the passage of useful information. In several cases, the 


fect cf the false alarm may of itself also give rise, to extremely un- 


+ 
= 


desirable consequences. 
Qualitative characteristics of detection under the condition of a 
nonexistent target are the conditional probabiitities of false alarm 
F= P(A‘ |A,) (4) 
and of correct _nondetection 
P= P(Ay IAs) (5) 
Since the incompatible solutions AF and AS correspond to the same 
condition Ao» we have 
F-++F=1. (6) 
if the conditional probability of false alarm F is known, we can al- 
ways obtain the conditional probability of correct nondete.tion. If, 


ie esis aes 1074, 


e.g. , considering some element of space, F = 10° 
This implies that the radar equipment gives, on the average, one false 
alarm in 10" observations of the given space element in the case of 
nonexisting targets, and in 9999 eases it does not give a false alarm. 
We note that per time unit a radar usually scans a great number m 
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of resolvable space elements. If for a space element F << 1/m, the pro- 
bability of false alarm f for a volume of m elements grows in propor- 
tion to m. The probability of correct detection is, in fact, B = 
= (BF), whence 
F,==1—(1 —F)" = 1 —(1 — mF) = mF. 
This is also the reason why, -in the theory of radar signal detec- 
tion, one usually works with very low values of admissible probability 


of false alarm Fao = F /m for each of the resolvable dements. 


m do 

On the other on See to make the probability of correct 
detection D as high as possible. The latter is particularly difficult 
to achieve if the target is at a considerable distance and the energy 
of the reflected signals is extremely low. The boundary of the zone of 
detection of an individual radar is, therefore, given by the magnitude 
of the distance at which the probability of correct detection per one 

scanning cycle is not less than some admissible value Daop’ Usually, 


one chooses Daop = (0.05-0.5), i.e., D = (0.95-0.5). In some cases, 


dop 
the demands made on a radar may be increased abruptly, i.e., sometimes 
one chooses Daop = (0.01-0.0001), corresponding to Daop = (0.99-0.9999) 
Thus, the conditional probabilities of correct detection D and 
false alarm F are the basic qualitative characteristics of radar detec- 


tion. At the limits of the detection zone, the requirements F < F 
D>D 


dop’ 


dop’ 
§1.2. QUALITATIVE CHARACTERISTICS OCF RADAR MEASUREMENTS 


The error in the determinatim of the quantity to be measured is 
a criterion of the quality of the measurement carried out. The smaller 
this error, the higher the quality of the measurements. 

The errors of measurement are classed as gross blunders, constant 
and accidental errors. If particular measures are taken to eliminate 
constant errors and gross blunders, the errors of measurement can be = 
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reduced to the accidental ones. 

In measuring the radar signal parameters, the accidental errors 
are due to the action of interferences on the input end of the receiv- 
er, to signal fluctuations, but also to the random behavior of the. 
system of measurements itself. 


Fig. 1.1 shows the typical curve of the probability density p(e) 





characterizing the law of distribution of the accidental errors. From 
this curve, the probability that the magnitude of the error will as- 
sume a value within an arbitrary interval from « to ¢ + Ae may be 
found. The corresponding probability is equal to p(e)de and represen- 
ted by the crosshatched area in Fig. 1.1. The total area between the 
curve p(e) and the axis of abscissas is 
equal to unity since it is the probability 


of a certain event which implies that the 





i wo? error may assume any value between —«o and 
& eoke é 


Fig. 1.1. Typical prob- mee 


2 ability density curve : 
o(e) of accidental er- It follows from the curve (Fig. 1.1) 


a that great errors have a low probability, 
but in individual measurements their possi- 
pility is not excluded. The probability that the absolute value of the 
error ¢ is lower than Eq» is numerically equal to the crosshatched 


area in Fig. 1.2. 
, P(le| <e,) z| p(sie. (1) 
te . r 


3 Fig. 1.3 shows the diegram of the function dependence 9(E9) = 
= P(le| < €,)- It follows from this diagram that if the value of Eg is 
great enough the inequality |e| < «9 nas a probability close to unity, 


i.e., is almost certain. 
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Usually, 

1) the mean square deviation e.,)_3 

2) the probable (mean) error e,_.. 

: ‘are considered to be statistical parameters characterizing the accur- 
acy of the measurement. Sometimes other statistical parameters are 


used as well. In particular, one speaks of the maximum error ¢ In 


maks’ 
several cases, the mean value of the error modulus may be interesting. 

For any law of distribution of the accidental errors p(e) the | 
mean square deviation of the measurements is determined from the rela- 
tion °- | 


Siam Joplydae. (2) 


The probable (mean) error Ever is found from the equation 
P (le |< pep) = P (|e ] > exep) = 0,5, (3) 
i.e., corresponds to that value of Eq for which the crosshatche? area 


in Fig. 1.2 is half of the total area below the curve p(e). 
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Fig. 1.2. Concerning the calcula- Fig. 1.3. Curve of probability 
tion of the probability Pils|<e) P(ls| Seq) = (ay). 


The normal lew or Gaussian law is the most usual law of acciden- 
tal error distribution: 


: ae 
p(s mote, (4) 
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to which the curves shown in Figs. 1.1-1.3 also correspond. In this 


case, 
$ 
P(e] ce)= Fier’ Mee = 
aoe, (5) 
eace 
va | a) . 

where 

 ow= a e 'dx (6) 


is the probability iutegral. 


It follows from a comparison of the formulas (3) and (5) that 


(st) =O. 

Since @(u) = 0.5 and ux 0.67 ~ 2/3, we have for the normal law 

Sgt ieee 7) 
so that. it is always possible to find the probabie {mean) error if the 
mean square deviation is known. 

Often 

tyuaxe = 4egay. 

is taken as the maximum error of the measurements. 


In this case, we have for the normal law 


Pll 61 < tare) = (G2) = 0 (8/3) = 0,993, 


i.e., the probability that the accidental error exceeds ¢ is all 


maks 
in all only 0.7%. 


Thus, the distribution law of the accidental error gives the most 
complete idea of its possible values. The mean square deviaticn, 
which is connected to the probable (mean) and maximum errors by simple 


relations, cain be considered the basic parameter characterizing the 
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accuracy of the measurements in the case of a normal law. 


§1.3. THE CONCEPT OF THE MEAN RISK AND A CRITERION FOR THE MINIMUM 
MEAN RISK 


The system of radar information processing has to satisfy contra- 


| 
| 
| 
| 
dictory demands. | 

In order to avoid a target miss, it 16: e. G4 desirable to solve | 
the problem as to whether it is really present even in the case the 
signal from the target should be strongly distorted by interferences | | 
and the existence of the target cannot be maintained with certainty. 

Obviously, the probability of false alari increases in this case. 

Thus, we have tc make a reasonable compromise between the contra- 
dictory factors by choosing a method of information processing which 
is most favorable from the point of view of all possible conditions of 
radar. Of course, the solution obtained in this case will not necessar- 
ily be the best for any special condition of radar (existence of a tar- 
get, ncnexistence of a target). It must be optimum on the average, sta- 
tistically taking into account the probabilities with which all possi- 
ble conditions of detection or measurement are distributed. 

It is advantageous to make use of the concept of the mean risk 


when studying such contradictiory situations. This concept ailows us 


measuring their parameters in a uniform way and starting from suffi- 
ciently general positions. It has a wider significance and can also be 
applied to planning the exploitation of resources in political econ- 


| 

| 

to study the conditions of optimum detection of radar signals and | 
omy and to planning military operations. We shall explain the nature 


domain of radar. 


We shall use the term entirety of possible situations in order to 


Gesignate the entirety of conditions in radar and of the solutions 


~ 1 - 





of the concept of mean risk with the help of examples taken from the . 
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adopted in this case. 


The following situations are possible ~ Section: 

1) situation AXA, (correct nondetection) ; 

2) situation A¥A, (false alarm); 

3) situation ASA, (target is missed); 

4) situation A¥A, (correct detection). 

Usually, any measurement is characterized by the fact that to the 
measured quantity @ some estimate a* is assigned which is somewhat dif- 
ferent from it (on account of which an error e = a* — a is obtained). 
In this case, the entirety of possible situations corresponds to the 
entirety of different valves of @ and a*. 

Each of the situations mentioned is characterized by its pxrcbabil- 
ity or probability density. In the case of detection we may speak of 
the prohabilities of situations P, (i = 1, 2, 3, 4), the sum of which 
is equal to unity: 

PtPrt Py + Pp= P(A, i A,)+ P(A. A)-+ 


+P(A,, A)+P(A,. A)=1. (1) 


When the parameters are measured, we speak of the probability density 
of situations p(a*, a), or the differential 
aP(a’, a)=p(a, 2) da da, 


where 


§f pa, a} da‘da= i” (2, a)=1. (2) 


=—2 


To each possible situation we shall assign a certain error charge 
according to the importance or value of this error. Let a greater (or, 
at least, an equal), but not a smaller value of the error correspond 
to a greater error. We shall agree upon considering this value equal 


to zero for solutions without errors. 


The assignment of values to the errors is an important stage of an- 
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alysis and must take into account all considerations as to the prob- 

~lem to what extent one or another aspect cf error is undesirable. In 

many important cases, however, the rules of optimum processing prove 

to be independent of the concrete way of assigning values to the errors. 
Having in mind the random character of each situation we may as- - 

sert that also the error charge is a random quantity. Consequently, 

we may speak of she mean charge or, equivalently, of the mean risk. ° | 
The mean risk is calculated according to the rules of finding the 

méan value (the mathematical expectation value) of an arbitrary random 

quantity. For the discrete case (detection) it is found from the form- 


ula 
: m= VrPo (3 ) 
i 


where ry is the charge for the ith situation; Py is its probability. 
For the continuous case (measurement) the mean risk is determined 


by the equation 


ve, j e («, «)dP («, a). 


ts 


In the analysis of the detection process it is sufficient to as- 
sign only two error values: the error value of false alarm 
r(A,, Ad=r, 
and the error value of mising the target 
r(Ay» A)="3. 
Owing to the multiplication theorem of probabilities the corres- 
ponding absolute probabilities will be 
P(A,, A)=P(A,) P(A; 1A) =P(A)F, (4) ‘ 
P(A,y.A)=P (A,) P(A, 1 A,) =P (A) D. 
In view of the fact that the charge for solutions without error 


is put equal to zero, from Eq. (3) we obtain the expression for the 
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mean risk of detection errors in the form 
T=r,FP(A,)-+-r 3 DP(A,). (5) 


Comparing the different systems of pro- ° 


, 


Mejue® 


cessing radar information we must give the pre- 
ference to that system for which the mean risk * 
is smallest. Thus, the optimum operating condi- 
tions can be found from the criterion of the 
minimum mean risk. In particular, for the op~ 
timum system of detection the quantity calcu- 
lated from formula (5) must have a minimum. 

In the analysis of the measuring process 





rey we have to consider the error value to be a fu 
ce function of two variables r(a*, a). Assuming 
(e.g., in range finding) that the value of an 
error of measurement depends only on the dif— 
Fig. 1.4, Possible ; ference of the measured quantity and its esti- 
error value func- mate a*— q@=e, it is sufficient to set ub a 
tions. function vr (¢) of only one variable. 

Fig. 1.4 shows the possible curves of er 
ror values r (¢) as functions of values of the error ¢. Thus, the curve 
r (e) = e- (Fig. 1.4a) corresponds to the case in which the value of 
the error is equal to the square of tne error. In this case, obviously, 
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i.e., the mean risk is equal to the square of the mean square devia- 
tion, and the minimum of the mean risk corresponds to the minimum of 
the mean square deviation. . 

The curve r (e) = Je| (Fig. 1.4b) corresponds to the case in which 
the value of the error is equal to the absolute value (modulus of the 
error. In this case the mean risk is equal to the mean modulus of the 
error 


and the minimum of the mean risk corresponds to the minimum of the mean 
error modulus. 


The curve (Fig. 1.4c) corresponds to the case where 
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In this case the mean risk is equal to the probability that the error 


modulus exceeds EQ 
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and the minimum of the mean risk reduces to the minimum of the proba- 
bility that the error modulus exceeds the given quentity Eo: 

Using the example of measurement analysis ... can satisfy ourselves 
of the fact that the criterion of the mean risk minimum ney reduce to 
any othes well-known criterion, in particular, to the criterion of the 
minimum of mean square deviation if the function of the error value is 
chosen appropriately. 

This fact shows that the criterion of the mean risk minimum is 


sufficiently general so that we may go over from it to simpler and more 


afte ap me 
“y 2 


special criteria. 


The example of detection analysis may convince us of the same 


ee 


fact. In particular, if we put Ty = rg = 1 in Eq. (5), the mean risk 
will be equal to the total probability of the detection errors 
7=FP(A,)+ DP(A)). 
In literature, the condition of this probability being a minimum is 
called the criterion of the ideal observer. The criterion of mean risk 
minimum (5) is more general than the criterion of the ideal observer, 
sinceit permits us to allcw for the different significance of errors 
of false alarm and missing the target. 


If in Eq. (5) the substitution § = 1-—D is carried cut, we may 


write 7 
7=r P(A) —(D—L Fir P(A) (6) 











where 
i i= rpPAS i 
| RAY (7) 
| Since raP(A, ) > O, we find that the criterion of the mean risk minimum 
| - reduces to the criterion 
i D—UF= max. (8). 





‘ Criterion (8) is called weight criterion. It provides for the de- 


mand of raising the conditional probability of correct detection D and 


these demands we must try to increase the "weighted" difference D— 
= Lf. The factor bo which is termed a weighted factor depends on the 
ratio of the error values of each kind and the probabilities of the 
target being present or absent in the investigated part of space. "4 
Comparing two systems of information processing the first of “s 


which is optimum we may write 
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Relation (9) remains correct also in the case if F' < F opt’ Otherwise, 
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it may be rewritten in the form 
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lowering the conditional probability of false alarm F. In view of all 
This fact implies that the optimum system yields the lowest prob- 


ability of missing among all systems for which the probability of false 


alarm is not higher than for the optimum system. The given conditions 





system (the Neuman-Pearson criterion). The Neuman-Pearson criterion as 


well as the criterion of the ideal observer may, thus, be considered 


| 
! 
| 
| can be chosen to be an independent criterion for the optimality of the 
- 








@ consequence of the optimality criterion of the system. 

Thus, the criterion of the mean risk minimum can be used in analy- 
zing the contradictory conditions of detection and measurement of par- 
ameters. The criterion of the mean risk minimum is a comparatively gen- 
eral criterion. In the case of detection, e.g., it reduces to the 
weight criterion, the Neuman-Pearson criterion and the criterion of 
the ideal observer. When applied to parameter measuring it reduces, in 
particular, to the criterion of minimum of mean square deviation. 


§1.4. THE PROBLEM OF OPTIMUM DETECTION OF RADAR SIGNALS AND MEASURING 
THETR PARAMETERS 


The considerations set forth in the preceding sections are suffi- 
ciently general and can be applied to analyzing any radar information 
processing whether immediately entering the input end of the radar or 
also partly subject to processing. 

The analysis of optimum radar information processing is most in- 
teresting if information immediately enters the input end of the radar 
since partial nonoptimum precessing may give rise to irreversible los- 
ses of information. 

In the following we shall, therefore, carry out an analysis of 
the optimum processing of high-frequency oscillations entering the in-. 
put end of the radar receiver. Taking into account the specific char- 
acter of a radar's work these oscillations can be represented in the 
form 

. Y(E=M(QAAR(E, Oy Gare o er Bar Bars (1) 
where 

n(t) is the oscillation of the interference acting on the input 
end of the receiver; 

A is a discrete random parameter that assumes only two values: 


Ay = 0 and Ay = 1, corresponding to the conditions of absence or pre- 
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sence of a useful signal from the target; 
x(t, Oy, As vey By; Bos --. is a given function of time and the 


parameters ys Aas vees By > Bos -+. The shape of this function depends, 





in particular, on the law of modulation of the sounding signal, the 
method of space scanning, etc.; 

Ay> Uys +++ — are random measurable parameters of the radar sig- 
nal. The time delay proportional to the distance from the target and 
the Doppler frequency shift proportional to the radial velocity of the 


target may be among them; 


By; Bo; ++. — are random signal parameters whose measurement is 





net of substantial interest. Among them there are: the amplitude of the 


going eetewenees 


jee 


signal, the total initial phase of the received signal or the whole of 
the random initial phases of the pulse oscillations for incoherent 


emission, etc. 


: The statistical characteristics of random parameters and process- 


tere snags oer 
Te ae F 


>. es are considered to be given, i.e., precisely: 





— the statistics of interference n(t); 
— the pre-expevience (a priori) probabilities P(A) and P(A)) =. 


= 1-— P(A,) of the values A, and A) of the discrete parameter A (in de- 
tection) ; 
— the a-priori probability density p(a,, Qos ery By. Bo, see) 
of the values of measurable and immeasurable parameters; usually, but 
not always, p(o,, Os, +++, By, Bo» = p(a,, Gy, ++ )p(By; Bo; ose 
In the first place, it is necessary to solve the statistical prob- 
: lem of detection with the help of the adopted function y(t) and the 
preexperience (a priori) data. This implies that for the quantity A 
estimates A* (O or 1) must be chosen such as to yield the minimum of 
the mean risk (or, equivalently, the maximum of the weight criterion). 
In doing so, the law of optimum processing must be established, i.e., 
ee 2 
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the entirety of mathematical rules by which the most efficient answer 
to the problem whether a useful signal is present or not can be given 
for each choice of the function y(t). Finally, we have to regard the 
qualitative characteristics of optimum mathematical processing in de- 
tection and to consider the methods of its technical realization. 

The solution of the statistical problem of measurement will con- 
sist in the choice of estimates ar, as ... for the measurable param- 
eters Gas Aor ves of which we only know the pre-experience (a priori) 
probability density (a, 5 Oy 5 .-.). These estimtes must be optimum 
from the point of view of mean risk minimum. For a square value func- 
tion (which will be given in the following) the latter demand is equiv- 
alent to that of the minimum of the mean square deviation. As in the 
case of detection, we have to regard the qualitative characteristics 
of optimum processing in the measurments and to consider the methods 
of realizing it technically. 

Before we enter the analysis of the posed problems for compar- 
tively general and practically important cases, we shall consider ex- : 
tremely simple examples of statistical approach to problems of detec- 
tion and measurement. 

§1.5. AN EXAMPLE OF ONE-DIMENSIONAL OPTIMUM DETECTION 

Let us consider an indicating instrument whose indication is char- 
acterized by the number y (Fig. 1.5). Either the sum of the signal volt- 
age x and of that of the interference n, such that 

y=x-n, (i) 


or the voltage of the interférence alone : 





y=. (2) 
enter the instrument. During the time of observation the quantities 
X, y and n do not change. The expected value of the signal x is exactly 
known. 
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The law of distribution of the random quantity n is also assumed 
to be given: we shall consider it to be a normal one (Gaussian) in the 
following consideration. According to the measured value of y it is 
necessary to choose the optimum solution which of the two cases (1) or 
(2) menticned is taking place. 

It is easy to see that the problem formulated is a simpler variant 
of a more general detection problem (§1.4). Its peculiar feature lies 
in the fact that instead of the functions of time y(t), n(t) and x(t, 
ss Ans sees B,; Bo; .«.) the corresponding one-dimensional quantities 
are considered: the random quantities y and n and the nonrandom quanti- 
ty x. In contrast to the general case the quantity x does not depend 


on parameters. 





Instead-of (1) and (2) we may write one expression 
for the sake of uniformity in denotation, in which the discrete param- 4 


eter A is equal to 0 r i. Thus, the problem reduces to an estimation 


oe - 
Bend 


of A*, according to the «:asured value of y, an estimation wnich must 
be optimum from the point of view of the criterion of the minimum mean 
risk or the weight criterion equivalent to it. 
Fig. 1.6a shows the probability densities of the random quantity 
¥ under the conditions of the signal absent A = 


= Ao = 0 or present A = Ay = 1; 


PCA.) = on (y), 
P(YA,)= Pony). (4) 


The subscripts "p" and "sp,". here, indicate that 





Fig. 1.5. Ver 
sigole Pears” the mathematical expressions P,(y) and Psp(¥) are 


aed Zé 
ting instrument. different whether there is the intereference alonu 


or a signal with interference. The curve Psp(¥) 





is shifted by a constant amount x relative to the curve Poy). Mathema- 


OD vs 








matically, this can be written: 
Pon (9) = Pu fy — X}. (5) 
Any regular solution to the detection problem can be described by 


| 
| 
a solution function A*(y) which assumes one of the two values: 0 or 1, 
according to the value of y. 

| 





Fig. 1.6. Conditional probabil- 
ity densities Pp (y) and Pgp(¥) 


{curves a); diagram of one of 
: the possible solution functions 
A*(y) (curve b). 





‘Fig. 1.6b shows the diagram of one of the possible solution func- 


4 tions (not necessarily optimum). It follows from the diagram that in 
: the given case for Yo <y< yy 4 solution with a signal present is ta- 
4 ken. The conditional probabilities D and F are, in this case, deter- 
mined as the probabilities of the random quantity y falling into the 


interval yo-y, under the conditions "signal — interference" or "inter- 


nat arm 


ference," respectively. For the special solution function of (Fig. 


. Rw & 


1.6b) these probabilities are calculated from the formulas 
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F=( paly) dy 
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Py ty) in the diagram (Fig. 1.6a). 

If we introduce an arbitrary solution function A*(y) in the gener- 
al case, the expressions for D and F may be written as integrals with 
infinite limits 

Pe : 
D= j A'(y) Pen (y) dy, 
—o 


2 (7) 
Fe J A’(y) pay) dy. 


In fact, the y intercepts for which A*¥(y) = 0 will all yield zero in 

the integration. The intercepts for which A*(y) = 1 correspond to 

areas below the curves Psp (¥) and Py (y) in the same way. as was shown 

in Fig. 1.6a. It is important to realize that the Relations (7) are cor- 

rect for an arbitrary solution function A*(y), in contrast to Eqs. (6). 
The expression D— AoF which corresponds to the weight criterion 


may then be represented in the form 


eo 
D—LF= J pay a's; Y—hldy, (8) 
=o 
where 
ac Pen ly) . 
Wt (9) 


ecording to the weight criterion, a detection system maximizing 
the integral (8) is optimum. In order to fulfill this condition, it is 
sufficient to achieve the greatest value of the expression under the 
integral sign for each y by choosing the solution function A*(y) approx- 
imately. But this function can only assume two values: O or 1, sucn 
that, according to the way it is chosen, the expression under the in- 
tegral sign either vanishes or is multiplied by one. Although the 
problem of obtaining the maximum is nonstandard it can be solved easi- 
ly. Obviously, among two numbers — a positive one and zero — the posi- 


tive number is greater, whereas zero is greater than any negative num- 
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‘ber. Consequently, the greatest value of the expression under the in- 

tegral sign for each y, but also of the integral as a whole, can be 

obtained in the following way: 
1) we put A¥*(y) = 1, if the expression under the integral sign is 

positive in this case; x 
2) we put A*(y) = 0, if for A*(y) = 1 the expression under the 

integral sign is negative. . 


Since the probability density P,(y) is not a negative number, the 





optimum rule for the solution to the detection problem may be written | 


in the ‘form 


A Wah 12 @>t 


=10, 42 My) < he (10) 


The quantity &(y) = Psp(y)/Pp(¥) is termed the probability ratio. 
The probability ratio is the ratio of the probability densities of 
the same realization of "y" under two conditions: if the signal and the 
interference are acting and if the interference is acting alone. Simi- 
lar to the two probability densities, also the probability ratio can- 
not be negative. 

Thus, the probability ratio criterion, which is a consequence of 
the general criterion of the 'mean risk minimum can be weed as a criter- 
ion of optimum detection. According to the probability ratio criterion, 
the solution of existing signal is adopted if the probability ratio ex- 
ceeds some threshold value fo: This criterion is the most convenient 
for beactical calculations. 

We note that the assumption of a normal (Gaussian) law of inter- 
ference distribution was not used, as vet. The discussions given are, 
therefore, valid for any distribution law. 

Furthermore, let us assume that the interference is described by 


¥ 


a central Gaussian distribution with a dispersion no or a standard de- 
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viation No: Bearing in mind that y = n, if there is no signal we have 








re 
aW Ee mo . (11) 
: Hence, in view of Eq. (5), 
a sas 
Pan (y) = ma," sae ' (12) 
In this case, the probability ratio will be 
Le 
Igat—aae Me 8, (13) 
- . # 


Figure 1.7 shows the behavior of é£{y) for x > 0. The threshold 
value Lo is plotted on the axis of ordinates. §1.3 dealt with the pos- 
sible ways of choosing the values £). Since the curve £(y) is mono- 
tone, the condition £{y) > Io is equivalent to the condition y > Yo, 
and the condition f(y) < #) is equivalent to the condition y < yo 
(Fig. 1.7). Hence, for x > 0 . 


| 
| 
| 
| 
| 
| 
i 
| 
| 
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e 1, if y > Yos 
A = 5 $ 
oar (Y) 0, if y < Yo ( 14) 
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ae j 
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Fig. 1.7. Dependence of probabil- Fig. 1.8. Curves of the condi- 
ity ratio on the result of obser- tional probability densities ; 
vation. Pp(y),‘Psp(y) and diagram show- 


ing the optimum solution func- 

tion AX..(y)- 
pt 

me OF = 






















Expression (14) for the ‘optimum solution function shows that the 
solution function chosen initially (Fig. 1.6b) was not optimum. A dia- 


gram. analogous to Fig. 1.6, but with the optimum solution function is 
given in Fig. 1.8. 

It follows from Fig. 1.8 that the probability of false alarm F in 
the case of an optimum solution function corresponds to the area below 
the curve Pp (y) to the right of the abscissa yp). The value y, will be 
called threshold. For a given interference level the probability of 


false alarm F depends only on the value of Yo? 
alain y vals Fae Fal. 


= 1—@{ 2 
¥[ (% ye (15) 
where $(u) is the probability integral [(6) §1.2]. This implies that 


the threshold value can immediately be chosen according to the given 
level of probability of false alarm, which corresponds to the Neuman- 
Pearson criterion. A similar approach is most convenient for the real 
designing of the equipment since it makes it possible to avoid the 


necessity of taking account of a-priort re-experience) data on the 


The probability of correct detection D corresponds to the area be- 


low the curve Psp(¥) to the right of the abscissa yp: 


D= fens (y)dy= 





eae? ¥ de f 


=t[i-« w=), 





or finally D==+ [P +o). (16) 


or absence of a signal. 
=. 2B) ie 








For a given interference level Ny is is not only a function of 
the threshold Yo: but also of the value of the expected signal x. 

The behavior of D(x) can be plotted qualitatively from an analysis 
of the area below the curve Psp (¥) in Fig. 1.8 and quantitatively in ac- 
cordance with Eq. (16). For x = 0 the value of D = F, for x = Yo the 
value of D = 0.5, for x >> Yo the value of D = 1. The higher the level 





of the threshold yp), the more the curve D(x) is shifted to the right. 
This implies that a higher level of the useful signal is required to 


Bao: ne 


guarantee the same probability D. The curves drawn in Fig. 1.9 are 
i 

termed Getection curves. { 
Thus, the very important probability ratio criterion was estab- | 


lished by considering the example of analyzing the one-dimensimal op- 
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timum detection. Subsequently, we shall satisfy ourselves of the fact 
that the concept of probability ratio will 
help us to solve all following problems. From 
the expression for the probability ratio the 
optimum solution functim AS ot (¥) correspond- 


ing to a simple comparison of the magnitude 
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oF Me - of y with the threshold y) was found. The 

Fig. 1.9. Detection be 

aurea: Of a -Onesdt= tecection curves specifying the qualitative 

mensional signal. characteristics of optimum detection under 
different operating conditions of the detec- 4 


tor were plotted. Furthermore, the problems of finding optimum solution 
functions and plotting detection curves will prove to be important sec-~ 
tions of the theory; of real signal detection. 
§1.6. EXAMPLES OF ONE-DIMENSIONAL OPTIMUM MEASUREMENT 

Let us return to the indicating instrument (Fig. 1.5), but put a 





somewhat different problem. As before, we shall assume that the indica- 


tion y of the instrument is the sum of the interference n and the sig- 
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— 
==a-+x. (1) 


In contrast to the preceding case, however, the signal is certain- 
ly present, but its value x is unknown. 

The problem lies in assigning an estimate x* to the quantity to 
be measured x making use of the measured value of y and the a priori 


known probability density p(x) of x. In this case, the estimate x* 


must satisfy the criterion of mean risk minimum 


Fa [Gree x) p(x’, x)dx'dx== min, (2) 


i.e., it must be optimun. 

We shall only consider regular solutims where for each measured 
value y a quite definite estimate x* = x*(y) is given. Replacing then 
the probability element 

P(x’, x)dx'dx. by p(x, y)dxdy, - 
where p(x, y) is the total probability density of the quantities x and 
XY» we obtain 


tam J dy Sree, x) p(x, ‘y)dx at x= x"(y). (3) 


Putting, by virtue of the multiplication theorem, 


P(x, y= ply) Play), 


we may rewrite Expression (3) in the form 


Fal dy f ris’, 2) aly pls). 


Or 
r= I r(x) py)dy for x=" (y), (4) 
where : 
r(xy= J r(x’, x) play)de. (5) 
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Relation (5) gives the mean risk as calculated for a fixed value 
of the measured quantity y (the mean value is here taken over x). We 
say that the conditional mean risk is obtained as the result of this 
process of taking the mean. The mathematical expectation of the condi- 
tional mean risk (4) as calculated by taking account of the probability 
density of the measured values of y yields the absolute mean risk. 

In order to minimize the absolute mean risk (4) it is sufficient 
to obtain the smallest value of the expression (4) under the integral 
sign for each y by choosing the estimate function x* = x*(y) appropri- 
ately. ‘The latter is analogous to the choice of the solution function 
A¥(y) in the detection problem [(8) §1.5]. 

The quantity p(y) in Expression (4) is a given function and can- 
not assume negative values. Consequently, the expression (4) under the 
integral sign is minimized if for each y the minimum of the condition- 
al mean risk r(x*|y) is guaranteed. 


In this connection, we will return to Relation (5). The post-ex- 





perience (a posteriori) probability density p(x|y) enters its expres- 
sion under the integral sign, i.e., the probability density of the quan- % 
tity x under the ccndition that the value y has been measured. Accord- 
ing to the multiplication theorem 
P(x, y= P(x) p(ylx)= p(y) p(xly)* (6) 
hence 
P(A) = Say 2) Put). 


In order to minimize the conditional mean risk (5) the course of 
the corresponding curve of the a-posteriori known probability density 
p(xly) as a function of x must be known. 


Integrating Eq. (6) over the variable x and bearing in mind that 


4.3% & 








for any y 


{ p(xly)dx=1 


being an integral with infinite limits of the probability density, we 
obtain 


py)= | p(x) p(ylx) dx. (7) 


It follows from the obtained expressions that 
(xy) =—22Wls) (8) 


| Peep uli 
=—o 


. Equations (7) and (8) are, respectively, analogous to the formula 
for the total probability and to Bayes! formuls. for the probability 
densities. 

Since the denominator of Relation (8) is independent of x, the 


latter can be represented in the following form for each measured 





vailue of y 
P(xly) = kyp (x) p (yl). (9) 
The normalizing factor Ky in Eq. (9) 
‘ i ee ; 
} Pliritent 
—~ 


determines the scale of the curve p(x|y) on the x axis such that the 
area below this curve is equal to unity. 

The function p(x) in Eq. (9) describes the a-priori probability 
density of the values of the signal x, and p(y|x) describes the condi- 
tional probability density of the quantity y. By virtue of Eq. [ (5) 
§1.5] 





P (glx) == Pay — +). (11) 
Thus, Eq. (9) can be rewritten in the form 


P(xly) = hyp (x)Pa(y — ~)- (12) 
2 Bee 























We shall illustrate the obtained Relation (12) on the following 
! assumptions: E > ~ : 
1) the a-priori probability density of the quantity x is describ-~ 
ed by the expression 
OQ for x<x, 4 x>x,, 


B(x)=p, (x)= | l 


Xow OF MLS} 


! | 
2) the interference distribution obeys a normal law [(11) § 1.5]. 
Figure 1.10a shows the curve of the a-priori probability density 


Po(x)- Figure 1.10b shows the curve 


(yma? 





PWl2)=Paly—2)= Ee m9 (13) 






as a function* of the unknown value of x. This curve is a Gaussian 


curve, plotted on the x-axis. Its dispersion is equal to ae and its 





mean value is equal to the measured value of y. 






Figure 1.10c shows the curve of the a-posteriori probability den- 
sity p(xly), obtained by multiplying the cu~ves Po (x) and p(y|x), 





taking account of the normalizing factor Ky The area below this curve 





is equal to unity. The curve p(x|y) takes into account both the result 


of measuring y and the a-priori data on the possibility values of the 





quantity to be measured x and the interference n. 





The interference level exerts an essential influence on the a-pos- 






teriori distribution. In order to realize this, let us consider two 


limiting cases: 






1) the interference is very weak — small compared to the interval 





of measurable values (ng <« X5 — x4) 3 





2) the interference is very strong — great compared to the inter- 





val of measurable values (np >> X5 — X})- 





Figure 1.11la shows the curves po(x) and p(xly) ~ p(ylx) for the 
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case of a weak interference. In this case, the curve of the a-poster- 
iori distribution is determined by the result of measuring y and the 


dispersion of the interference ie 


9, (2) 
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Fig. 1.10. Probability density curves. a) Of a priori p,(x)3 b) of the 


probability density p(y]x) of the measured value of y aS a function of 
the true value of x; c) of the a-posteriori probability density p(xly)-. 


Figure 1.11b shows the curves p(y|x) and p(xly) = Po(x) for the 
case of strong interference. In this case the curve of the a~poster- 
iori distribution is practically equal to the curve of the a-priori 
distribution since the results of the measurement are not reliable. 

The considered relations and examples of a-posteriori probability 
density curves p(xly) permit us to return to the problem of choosing 
the optimum estimate xSot = xSot(¥): We shall require that this esti- 


mate should minimize the conditional mean risk (5) 


r(x" W)= [rte 2) plely)de= min. 
for Hie (Y)- (14) 
In the following we shall only use the square error value 
r(x’, x)==(x" — 4). (15) 
This implies that the mean risk and the conditional mean risk re- 


duce to the mean square deviations. 
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Fig. 1.11. Curves of the a~priori and a-posteriori vrobability densi- 
ties: a) For weak interference, Ny < Ko — X43 b) for strong interfer- 


ence, No > Xo _ x4: 





Fig. 1.12. Curves of the a-posteriori probability density curve p(x«ly) 
and the error value r(x*, zy if the estimate x* was chosen unfavorably. 


Figure 1.12 shows the curve of the a posteriori probability den- 
sity p(x|y) and the error value curve for an arbitrary estimate x*. Ob- 
viously, the estimate x* differs considerably from the optimum in tne 
given case, since a considerable error charge corresponds to the most 
probable values of x, and a value of » with low probability corresponds 
to the estimate x* itself. 

In order to obtain the optimum estimate, we put the derivative of 


the conditional mean risk with respect to the estimate x* equal. to 
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zero, i.e., we put 


eo : . 
dex | 22") (xl ypde=0 for x". 
— ee 


Hence we obtain that 
: . | | 
Soar J Xp (x]y)dx=M, {x]y}, (16) 
=O a . 


i.e., the optimum estimate is found to be the center of gravity (first 

moment) of the a-posteriori distribution curve. In other words, it is 

equal toc the a-posteriori mathematical expectation of the value x. 
Using Eqs. (14-(16) we find for the magnitude of the conditional 


mean risk in the case of optimum estimate 
ee . 
1 (%earlW= [La Mifxly(x|y)dx=D{xly} (17) 
—¢e 


As can be seen from Eq. (17) the quality of the optimum estimate 
carried out is determined by the dispersion of the a-posteriori distri- 
pu%ion D{x|y}. The dispersion of the distribution can be expressed 
in terms of its first and second momenta 

Dixly}=Ms{xly)— M {xIy}, (18) 
which follows immediately from Expression (17). 


Here 
My{xly}= J xp (xly)de. (19) 


Taking the mean of the quantity r(x. ly over all possible values 


one 


of y according to (4), we obtain for the optimum estimates 


r= f Dixy} 20) dy. (20) 


Fquation (20) characterizes the minimum value of the mean suare 
of the error for tne entirety of measurement conditions. This minimum 
is guaranteed by condition (17); if it is fulfilled (‘or -rbitrary 


Y¥) the estimate has no constant error, i.e., 


36° = 
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M,{x*—x}= M, {(x° —x)|y} =0. 

We shall illustrate the obtained results by the examples of a- 
posteriori distributions for a onedimensional measurement (Fig.1.11) 
in the case of a very strong and a very weak Gaussian interference. 

In the case of a very strong interference (Fig. 1.11b) the cen- 
ter of gravity of the a-posteriori distribution curve and the optimum 
estimate are equal to setts » independent of the measured value of 
y- In contrast to this result, the optimum estimate is equal to the 
measured value of y in the case of a weak Gaussian interference 
(Fig. 1.11b) since in this case y corresponds to the center of gra- 
vity of the a-posteriori distribution curve. 

In the case of symmetric convex distribution curves the center 
of gravity always coincides with the curve maximum. Consequently, the 
abscissa of the maximum of the a-posteriori distribution curve 

p(xly). is often chosen for the optimum estimate, instead of (16). 
Such an estimate will be termed most probable estimate. Thus, in the 
case of No < X2—Xy considered above the estimate x*=y is the 
most probable estimate. 

The quality of the optimum estimates x opt for the a-nosteriori 
distributions p(xly) in example (Fig. 1.11) may be established on the 
basis of Eqs. (17) and (20). For weak Gaussian interferences (Fig. 1. 
lla) we have 

£(Xpqely)=D{xly} =n, - 
Since the mean square of the error jis independent cf y, it is not 
changed after taking the mean over y, i.e., we have also F=n} . For 
very strong interferences (Fig. 1.11b} the dispersion of the a-post- 
eriori distribution coincides with the dispersion of the a-priori one, 


and its value is independent of y: 
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The optimum root-mean-square deviation of the measurement for 
the examples (Fig. 1.11) will be: ‘ea=a, for a very weak interfer- 
ence and ton = for a very strong one. Thus, a variation of 
the interference from a very strong to a weak one varies the magni- 
tude of this error by oe times. 

With this remark we shall finish the consideration of examples 
of one-dimensional optimum measurement, It was shown in the course of 
the consideration that the mean risk can be minimized starting from 
the a-posterlori distridution curve of the values of the quantity to 
be measured. In the case of a quadratic error value the optimum es- 
timate corresponds to the center of gravity of this curve and in 
many cases can be replaced by the most probable estimate. If the a- 
-posteriori distribution is known also the optimum root-mean-square 
deviation of the measurement can be estimated. 
| The statistic approach illustrated by the examples of onedimen- 
sional optimum measurement is most widespread in the analysis of the 
measurement of real radar signal parameters. In doing so, first only 
Single, but then also successive multiple measurements will be con- 


sidered. 
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[ Footnotes] 


In the given denotation p(x) and p(y) are different func- 
tions, and not the same function with a different argument. 
This way of labeling which is frequently used in statistics 
will also be adopted in the following. 

We remind that this curve is represented in Fig. 1.6a or 


1.8b as a function of the measured value of y. In this 
connection, the value of x was considered to be fixed. 
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. [Transliterated Symbols | 


non = dop = dopustimyy = admissible 

cKkB = skv = srednekvadratichnyy = root mean square 
Bep = ver = veroyatnyy = probable 

MaKc = maks = maksimal'nyy = maximum 

ont = opt = optimal'nyy = optimum 

1 = p = pomekha = interference 


cl = sp = signal s pomekhoy = signal with interference 
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Chapter 2 


SIGNALS AND INTERFERENCES IN THE THEORY 
OF DETECTION AND MEASUREMENT 


§2.1. PROPERTIES OF REAL RADAR SIGNALS 

Let us watch how a radar signal is formed. We consider the tar- 
get to be point-like and at reast and the conditions of radio-wave 
propagation to be ideal. Let a radio transmitter produce modulated 
high-frequency oscillations which are described by the function s,)(t) 
except for an amplitude factor. Furthermore, since with most of radars 
the antenna beam for scanning the space is formed according to a law 
chosen earlier (Fig. 2.1), the transmission factor of the antenna in 
the direction of the target will be a nonrandom function of time 
H, (t).* The sounding radar signal can be described by an expression 
of the form s,(t)H,(t), in this case. The field of the reflected sig- 
nal arriving from the point-like target with a delay of t3 will be, 
except for a factor, 

8, (¢ —t,) fH, (¢— ty) 

where ta (r is the distance from the target). 

When the beam of the receivirz antenna is formed its trans- 
mission factor for oscillations of this field is also a function of 
time H(t). Consequently, the signal entering the input of the re- 
ceiver is subject to an additional modulation by the function H(t) 


and can be written in the form 
x(j=s,(t —t,)H,(t—t,) H,(t). 
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. H(t) = H(t). Besides, the displacement of the 


A Lo antenna beam during the time of delay is, as 
TT 


a rule, small compared to the width of the ra- 


Fig.2.1. Explanation 
of the process of 

radar signal forma- Ht—t,)=H() 
tion in scanning. 
A) RLS; B) target. 


diation pattern such that 


and 
x(t) = H? (t)s,(¢ — ts). (1) 

Thus, a radar signal that is reflected from a point-like target 
at rest is a modulated oscillation x(t) whose modulation law is de- 
termined both by the way the transmitter modulator works and by the 
behavior of the antenna beam in transmission and reception. A radar 
may have several operating conditions, but for each of these condi- 
tions the modulation law is considered to be fixed.* 

The oscillation x(t) is a high-frequency one, and it can be re-~ 
presented in the form 

x(Q=X ()ooslot +e. (t)) (2) 
where ®, is the carrier frequency, and X(t) and 9,(t) are functions 
which usually vary slowly compared to the oscillations of the carrier 
frequency cos Wot. These functions describe the laws of the amplitude 
and phase modulations, respectively. 

We shall give some very simple examples of radar signals. 

Figure 2.2 shows: a signal in the form of a shert radio pulse 
x(t), its envelope X(t), and also the initial phase 9,(t). In the 
given case, we note that there is no phase modulation. Consequently, 
P(t) = const. Such a signal is obtained in the case cf a pulse mo- 
dulation of the transmitter if one pulse is transmitted to the point- 


like target. 


For ordinary single-antenna radars H, (t) = 
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: Figure 2.3a shows a sighal in the form of 
a xf ra 
a packet of short radio pulses following one an- 
nef other after a sending time T in the case of uni- 
b 
form antenna beam formation relative to the 
5. G0 direction toward the target. Fig. 2.3b shows 
t 
the envelope of the packet whose shape depends 
FPig.2.2. Example of a 
radio pulse (a); its on the modulation law governing the formation 
envelope (hb); time- 
dependence of the in- of the beam. Fig. 2.3c shows the initial pulse 
itial phase (c). 
phases on the assumption that the target is at 
rest, the transmitter pulses have the same in- 
itial phase and that the formation of the antenna beam does not give 
rise to a phase modulation. 

Packets whose phase varies from pulse to pulse according to a 
definite law are termed coherent packets. 

Figure 2.4. shows a coherent packet characterized by its phase 
structure. The variation of the phase from pulse to pulse due to the 
motion of the target (toward the radar) with a constant radial velo- 
city of v= const is taken into account. For this reason, the path 


of the electromagnetic oscillations to the target and back is re- 


duced Ly 7,;=2v,7 during each sending period T. Thus, the phase delay 


is reduced and the initial phase of the signal is increased by 


HEN from pulse to pulse, wnere A is the wavelengin. 
The difference in the phase structure of the coherent packets in 
Fig. 2.3. and 2.4 due to the motion of the target is additionally 
illustrated by Fig. 2.5, where the mn intercept of Fig. 2.4 is drayvm 
at a larger scale. The solid curve corresponds to a target moving with 
constant radial velocity, and the dotted line to a target at rest. 


Figure 2.6 allows for an indefiniteness in the irdtial phase of 


the emitted oscillations, which arises if the initial phase of the 











generated oscillations is random and not kept in mind in order that 
it can be eliminated in the reception. 

A packet with random phase variation from pulse to pulse (Fig.2. 
6) is termed incoherent pulse packet. 

Tne analysis.of a radar signal in the case of a nonpoint-like 
target can be simplified considerably if the diagram of the secondary 
reradiation having a petaloid form for nonpoint-like targets is in- 
troduced. Since the angular position of the target is random, also 
the signal has a random amplitude. If during the time of irradiation 
the target is shifted aside relative to the direction toward the 
radar (Fig.2.7) the signal suffers an additional modulation, accord- 
ing to the kind of motion and the form of the secondary reradiation 
diagram. In this case, the envelope of the packet is distorted 
(Fig.2.8). The same result can be obtained if the target is replaced 
by all elementary reflectors distributed over the volume it occupies. 
The distortion of the packet is here explained by the interference 
of the elementary packet signals from the po-:nt-like radiators super- 
posed on each other. The shift of the target relative to the direc- 
tion toward the radar gives rise to an inequality of the radial vel- 
ocities of all target points and, therefore, also of the initial 
phases of the interfering pulses. 

Thus, real radar signals have the following properties: 

1. Regular modulation determined by the way in which the trans- 
mitter works and by the law of antenna beam formation. 

2. Regular variation of the signal phase structure owing to the 
target moving with fixed velocity. 

3. Random amplitude and phase modulation of the signal in the 
case of secondary radiation or presence of random signal parameters 


(if during <n2 Tins cf irradiation -ne target is not shifted remark- 
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ably relative to the eerereten toward the radar). 





emtee 
Fig.2.3. Coherent Packet of 
reflected radio pulses (a); 
its envelope (b); time de-. 
pendence of the initial / 
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Fig. 2.4. Coherent packet of re- 
flected radio pulses (a); time de- 
pendence of the initial phase (b) 
(case of point-like moving reflec. 
tor). 


phase (c) (case of reflect- 
or at rest 


at 


It is essential feature that the delay of the signal depends 
on the distance from the target, and that the phase structure depends 
on the radial velocity. This fact makes it possible to measure both 


the distance and the radial velocity. 
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Fig.2.5. Variation of the phase 
structure of a coherent packet 

of radio pulses in the case of 
a moving point~like reflector. 

1) at; 2) at. 
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Fig.2.6. Incoherent pack-~ 

et of reflected radio pul- 
ses (a) and possible time 

dependence of the initial 

phase (b) 
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Fig.2.7. Exptanation of 

the random modulation of a 
reflected signal in the 

case of a moving nonpoint- 
like target. 1) RLS. 





Fig. 2,8. Example showing 
the distortion of the en- 
velope of a radio-pulse pack- 
et due to the motion of a 
nonpoint-like target. 
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§2.2. BASIC MODELS OF RADAR SIGNALS 
Certain signal models are used in the theory of detection and 


measurement of parameters. A model must satisfy the contradictory 


TE Oe 


demands of a sufficient similarity to the real signals and simplicity 





of theoretical analysis. The degree of generality of the results 
which can be obtained is also of essential significance. According 
to which of the demands is more important one ox another model of 
radar signal of different degress of complexity is used. 

The simplest model is an arbitrary signal with fully known 
parameters. | 

x(t)=X (f)cos [at -+- 9 L- (i) 

In a detection problem only the fact if this signal is present is 
considered unknown. — . 


According to the degree of complexity this model is followed by 


that of a signal with random initial phase 
X(t, B)=X (t)cos [mf + 92 (f) +B), (2) 
where B is a random quantity, uniformly distributed in the interval 
from O to eT. 
Furthermore, the model of a signal with random amplitude and in- 

itial phase can be introduced 

X(t, B, B)== BX (t)cos[a,t-+-9.(0)-+}, (3) 
where not only B, but also Bis a random quantity. Usually, the latter 





3 quantity can be regarded as distributed according to Rayleigh's law 


= Fr 
PG= Ee % (B>0), 


I~ } where the mean-square value of the amplitude is determined from the 


condition 
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We may put Boxy = 1, without loss of generality. Hence 
p(B)=2Be"™ + (B>0). (4) 
The following model is a signal in the form of a packet non- 
fluctuating as to the amplitude with random initial phases of the in- 


7 dividual nonoverlapping pulses 
H(t Bus Bar =D XaMeosiet-Hea +P (5) 
7 k 


Usually, the By. are independent random quantities each of which is 


uniformly distributed in the interval from 0 to 27, This model 


corresponds to an incoherent packet of radio pulses. 
if all 6B, are equal to the same random quantit the packet 
signal reduces to the signal (2) with random initial phase. In fact, 


expression (5) will go over into expression (2), if we assume within 
the limits of the kth pulse X(t)=Xa(t), oe( =qa() » and in the in- 
tervals between the pulses iX(#)=0 . Such a signal model with the 

; same total phase for all pulses (see Fig.2.3) is, obviously, a 

| coherent pulse packet. 


The expression 
RUB iech Bian ed BrXa(eosiat-+en+Pa] (6) 


_ contains random factors B. allowing for the fluctuation of the packet 
| envelope (Fig.2.8), in contrast to the preceding expression. If all 
*' random factors B. are equal: By = .oe = B. = B, we have the case of 
* Weriendly” fluctuations, where oniy the packet amplitude fluctuates, 
’ but the form of its envelope remains unchanged. Another limiting 
case is the independent fluctuation of the packet pulses, where all 
B. are independent random quantities. 
Thus, for detection problems the radar signai model can be re- 


presented by an expression of the form 
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a(t, Bes Bay.) (7) 
B, Bo» eee are hexve random parameters whose common distribution law 
is given. Only the fact whether such a signal is present is consider- 
ed dninown: 

For problems concerning the measurement of para” .ters the signal 
can be denoted in an analogous way 

(Ey yy Say eee s Bes Bares -)o (8) 
where, additionall, As Gos «e+ are parameters subject to measure- 
ment. Among these, ¢.g., there may be quantities characterizing the 
distance from the target, its radial velocity, angular coordinates, 
etc. The same fact whether the signal is present is considered un- 
known, in this case. 
§2.3. FLUCTUATION INTERFERENCES AND THEIR STATISTICAL PROPERTIES 

Fluctuation interferences (fluctuation noise) play a special 
role among the interferences limiting the possibilities of receiving 
weak radio signals. These interferences may be generated by various 
phenomena in the input units of the radio receiver, as, e.g., by 
thermal motion of the electrons in the conductors and resistances, 
by a short effect in the electronic amplifiers, etc. 

Fluctuation noise may also be ,induced in the receiving antenna 
by electromagnetic oscillations due to ali kinds of electron motions 
in the surrounding terrestrial or cosmic space. All these sources 
cannot be fully eliminated, a fact that explains also the particular 
role played by fluctuation noise among the other kinds of interfer- 
ence. 

Fluctuation noise is one of the stationary random processes, i.ée., 
of those processes whose mean statistic characteristics, as, e.g., 


their mean power, are constant in time. 


In order to clarify the statistical laws governing the fluctua- 
SONS: 














tion interferences, we shall turn to the simplest arrangement used 


to observe these interfererices (Tig.2.9). This arrangement consists io 
of the noise source, a linear band-pass amplifier, whose pass band 
Af is considerably lower than the central frequency fo» and the os- 
. cillograph. We assume (as is usually the case, in reality) that the 
pass band of the amplifier is considerably narrower than the spectral 
| width of the noise source. 
A C Cbviously, the individual random 
| Soreuur / Ocuunno- 
nemere 1B wo random noise pulses will set swinging 
FPig.2.9. Simplest arrange- _ the oscillatory system of the amplifier. 
ment used to observe fluc- 
tuation noise. A) Noise Since the pulses are random, the volt- 


source; B) band-pass amp- 
lifier; C 
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oscillograph. age at the output end of the amplifier 


Ok. 
ae 


will be given by an oscillation with 


= 


random amplitude and random initial phase (Fig.2.10) 
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n(f)==U, (t) cob [2«),t -+- 94 (t)], (1) 
since it is obtained by the reaction of the amplifier's oscillatory 


- system superposed on each pulse. 
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The narrower the pass band Af, the more time is taken by the 
transient in the amplifier circuits that is due to each individual 
pulse, and the more slowly vary the amplitude u(t) and che phase 
9, (*) compared to the high-frequency oscillations cosenf yt or sin ent yt. 
On the other hand, the wider the band Af, the sooner the reaction after 


each pulse comes to an end and the more choatic the oscillation n(t) 


will be. 





Fig.2.10. Random noise realization 
at the output of the resonance amp- 
lifier tuned to the frequency fo 
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Let us choose at random a sufficiently great number of instants 


me 


of time for the purpose of observation t, (i = 1, 2, ...) in an inter. 


ae 
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vail exceeding the value of 1/Af by many times. As is well known, the 

latter quantity characterizes the duration of the transients in the 

oscillatory system. The position of this interval on the axis of ; 

time is unessential since the process is assumed to be stationary. . 
We shall consider the voltage values n, = n, (t) at the chosen . 

instants of time to be the values of a random quantity n characterized 

‘ py the probability density p(n). Since positive and negative values 

of n are equally probable, the distribution function p(n) (Fig.2.11) 

is symmetric relative to the axis of ordinates n = 0, such that the 

mean value is n = 0. The probability of the values ny lying in the 

interval from n to n + dn will be equal. to the corsshatched area 

p(n)dn. The whole area below the curve p(n) is equal to unit. The dis- 

tribution curve of the instantaneous values of fluctuation noise obeys 


@ norma) (Gaussian) law, 

at 

i? 
= Fam © (2) 





Rae 


where n5 is the dispersion. 
The applicability of the Gaussian 
law to the case considered follows imme-~ 


diately from the central limit theorem of 





the theory of prohability. At any instant 


@ a nedn a 


us of time, the voltage n at the amplifier 


tion curve p(n) of the output is composed of j32 results of a 
et re err Rear rebe arara Cr very great number of random effects each 
r lations. 


of which yields a component of the voltage 
with sufficiently small dispersion. Under 
this condition, the law of great numbers is valid and the distribution 
os 50. 
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of the quantity n as well as that of the accidental ..vors e, (§1.2) 
is sufficiently close to a normal one. 

The distribution law of the instantaneous fluctuation noise 
values can be observed if the voltage n(t) to be studied is fed from 
the amplifier output to the vertically deflecting plates of an oscil- 


lograph with switched off sweep. In this case, a bright vertical iine 





of hifh intensity in the center and lower one at the edge will be ob- 


served on its screen. The curve of brightness distribution, which, 





e.g., can be taken by means of 2 photocell, will correspond to @ nor- 


Boe te 
cae 


mal distribution law (2). 


Besides by the distribution law of the instantaneous values, 


eee 


the noise can also be charect3rized by the distribution law of its 


amplitude U,, and its initial phases ?,. 


yee 


The values U. and 9, at the instants 
atuy} n n 
. of time ty; as well as the velues nj, are 


random quantities, the first of which is 


De distributed according to Rayleigh's law 

s ts (Fig. 2.12), 
Fig.2.12. Distribution wn 
curve of the fluctua- vu, . *0 
tion oscillation amp- PUn)= "3 & ’ 
litudes. " 
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whereas the second quantity has a uniform 
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distribution within the limits from zero to 27. 
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The distribution law p(U,) can be observed by using the same 









arrangement as in (Fig.2.9) if a linear envelope detector is inserted 
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between the amplifier and the oscillograph. In this case, a bright 





vertical line with an asymmetric brightness distribution will be ob- 










served on the screen. The brightness curve will, in this case, obey 







the Rayleigh law (3}. The most intense brightness will correspond to 





the most probable value of the amplitude. 


The distribution laws p(n) and p(U,) characterizing the possible 
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oscillation amplitude at every instant cf time does not make it pos- 
sible to estimate the statistical connection of the cscillation values 
n(t) at neighbo.‘ng instants of time. Thus, they also do not permit 

a clarification of the general. structure of the individual noise rea- 


lizations (Fig.2.10)determined by the character of the transients in 


the amplifier circuits. 





Fig.2.13. Diagram showing the oscilicgraphic observation of the cor- 
relation function of fluctuation noi;e. A) Line of variable delay; 
B) multiplier; C) integrating averager; D sweep generator. 


To describe this structure it is sufficient to take the curve of 
the noise correlation function. The latter can be obtained experimen- 
tally if the circuit shown in Fig.2.13a is connected with the output 
of the amplifier (Fig.2.9). 

In this circuit provision was made for a delay of the fluctuation 
voltage n(t) by the time t, multiplication of the delayed and nonde- 
layed oscillations* and taking the time average which can be realized 
approximately by means of an RC-type integrating circuit. 

As a result, we shall obtain a quantity, which can be adopted 
approximately as the true value of the noise correlation function, 


for each fixed delay ¢ : 


: r 
Ro) =A Qa) = lim + J n(t)n(t—s)dt. (4) 
wi 50a 
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The measured vaiue will be the closer to the true one (4), the 
longer the period of averaging T compared to the ¢ration of the tran- 
sient, which can be measured by the quantity 1/Af. 

The correlation function R(t) characterizes the statistical con- 
nection between the value of the noise n(t) at a given instant of 
time and its values at the preceding instants of time n(t — Tt). In the 


general case, the quantity n(t) has a component determinable by the 





value of n(t — tT), which can be considered the initial value. The 
influence of the initial conditions decreases when t increases and 
becomes insignificantly weak if t exceeds the duration of the trans- 
ients. Consequently, if t >> 1/\f the values of n(t) and n(t — T) be- 
come independent, and their product n(t)n(t — t) a random quantity 
whose mean Value is equal to zero. 


: : , t 
Conversely, if t is sufficiently smali compared to the duration if 
of the transients, any value of n(t) is only slightly different from 4 


n(t ~- t) and R(t) is close to maximum 


r ff 
RO)=tim-y [area | a 
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The value of R(O) determines the mean power of the stationary process j 
n(%) for a load resistance of one ohm or, differently, she noise dis- 


persion at the output end of the band-pass amplifier 


R(0) =n, - 








The curve of the correlation function R(t) can also be observed 
if the voltage is fed from the circuit output (Fig.2.13a) to the ver- 
tice’ly deflecting plate of the oscillograph (Fig. 2.13b) whose hori- 
zontal sweep is synchronized with the periodical variation of the de- 
lay time t. The observed curve of the function R(t) will have a shape 
similar to that drawn in Fig.2.14b. In this case, the period of the 


sweep T. must exceed the time of integration considerably. 
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in the given case, the correlation function corresponds to the 
noi..g at the output end of the oscillatory system (Fig.2.9). Since 
the transients in this system are oscillatory, also the correlation 
function has the shape cf a high-frequency oscillation whose ampli- 
tude decreases with increasing Tt and apprcaches zero if t >> 1/af. 
The zeros of the function R(t) are separated by time intervals approx- 
imately or exactly equal to the natural oscillation period of the 
system. The damping of the correlation function aplitude for increas- 
ing t is connected with the .urs‘ion and the character of the trans- 
ients in the system, which was discussed above. 

The course of the correlation func- 
tion can aiso be explained from the 


spectral point of view. 





As is well known from the theory 
of stationary random processes, the 


Fourier transform of the correlation 


Co 
aM function yields the spectral density of 





the noise or its energy spectrum to 
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; be determined in the range -- ~ < f < », 
Fig.2.14. Example of a rec- 

tangular interference spec- ree 

trum and the corresponding NiN=J (Je TI de, (5) 
curve of the correlation ee 


In its turn, the correlation func- 


tion is given by 
R()= f N(fye'™!*ay. (6) 


Since R(t) is an even function, i.e., R(t) = R(-t), N(f) is also 
an even function. Consequently, an expansicn in the frequency spectrum 
O<f<% is frequently used. This expansion is ohtained by putting 
N(f) = N(-f) = 1/2 No(f) in Eq. (6). In this case 














: Re og Res= [Ny feo fe (7) 


In its turn, Nj(f) = eN(f). Using the fact that R(t) is even we 


obtain finally 


N= 2 (s)eP** de =f (z) cos Qxfads. (8) 
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Figure 2.149. shows an example of rectangular spectral density 
distribution of the\ noise No(*) with a spectral width Af. This case 
is particularly easy to calculate although the frequency characteris- 


tics of real physical systems, i.e., also the spectral density may 





| not be strictiy limited as to the frequency. 
Carrying out the calculation according to formula (7) we obtain 


for this case 
R)=N, foo Qn fedf = 


=N,(fa— fy) ep cos 28 bth g, (9) . i 
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The corresponding curve ot R(t) is drawn in Fig.2.14b which illus- 
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trates graphically that 


1) the curve R(t) is symmetric relative to t = 0, i.e., the cor- 


- 


relation function is even; 


2) at t = O the correlation function assumes the maximum value 
RO)=N, (fs —f,) = 05 ’ 
equal to the noise dispersion or, in other words, to its mean power 
with a resistance of 1 ohn. 
3) the high-“requency filling of the function R(t) has the same 


period 


Tom ne abel, 


as the noise at the output end of the band filter. 
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characterizes she noise statistics at each fixed instant of time the 
correlation function describes the statistical connection of noise 
values at instants of time separated by intervals t. The smaller the 
ratio R(t)/R(0), the weaker the statistical connection between them. 
§2.4. White Noise as a Model of Fluctuation Noise 

As is well known, the thermal radiation spectrum has different 
intensities for different frequencies. Within the limits of the radio- : 
frequency range, however, its intensity is practically constant. At 
any rate, it can be affirmed that within the spectral ranges occupied 
by radar or other radio signals this intensity is constant. In order 
to simplify analysis one often passes, therefore, to the model of 
thermal noise with a perfectly uniform radiation spectrum. In ana- 
logy to the white light which is characterized by an equal spectral 
intensity in the whole frequency range corresponding to the visible 
part of the spectrum this modei of thermal noise is termed white noise. 

Let us return to the problem concerning the connection between 
the spectral density and the correlation function in order to extend 
this connection to the white noise. 

Figure 2.15 shows the transition from noise in the frequency 
band fuus<f<fwano , to noise in the frequency band 0 <f < P58) 
which wiil be called quasiwhite noise in the following, and, finally, 
the transition to the case [uame+co , corresponding to the intro- 
duction of the white noise model. 

Figure 2.16 shows the correlation function of quasiwhite noise. 


The width of its main petal as taken between the zeros is equal to 


rr » and its maximum value is equal to the noise dispersion 
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the ccrrelation function is determined 
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! | | ; from the relation ((8) §2.3] if we put 
a, ieiaicl ceria aad aig 
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c— } 
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Fig.2.15. Explanation of 2 

ive Bye eae ve she pens with the correlation function if 4 

min? max? max? a 
D) Ease Pais increases. It shrinks relative + 

to the axis of abscissas and is stret- - 


ched in the direction of the axis of or- 


dinates such that the area surrounded by the curve of the correlation 


function always remains equal to N,/2. In the limiting case if 
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is the deita function which is equal to zero if t # 0. It becomes in- 


finite for t = O and is characterized by the property that 





f8ejde=1. (4) 
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Thus, the correlation function of white noise is described by a 





delta function except for a factor N)/2- This implies that two arbi- 
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Fig. 2.16. Gurve of correlation func- 
tion for £45, = 0 1) frogs: 


trary values of noise correponding to a finite interval + between the 
moments of observation are not correlated with one another. 

: One says that white noise is delta correlated. This property con- 
siderably simplifies the mathematical calculations when white noise is 
used as an interference model. 

§2.5. Approximation of Signals and Interferences 
In the example of optimum detection and measurement (§1.5 and 1.6) 
considered earlier the probability densities p (y) and Pyp(¥) of a one- 


dimensional random quantity y were used. The introduction of these 
functions was not difficult: “the interference as well as the signal 
were characterized by only -one numerical value y- The situation is com- 
pletely different if the interference and the signal are functions of 
time. Obviously, neither of them can be described by one numerical val- 
ue in the general case. In this connection the problem arises how many 
independent. numerical values must be given in order to describe, e.g., 


the interference. In other words, how many degrees of freedom has this 
interference? 


This pre>lem is closely connected with the approximation of sig- 


nals and interferences by series of the form : 
y= di gndn(t (1) 
k 


where W(t) are nonrandom functions, and y, are the expansion coef- 
ficients with respect to these functions, random for «he expansion of 
the interference. If an interference is completely characterized by 
some set v of independent random coefficients Y;,(K = 1, 2, ..., 7) one 
says that it has v degrees of freedom. 

Most convenient for practical use are expansions where W(t) are 
orthogonal functions of time, and the expansion coefficients of the 


interference yy, are independent random quantities. In thic case, the 
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approximation (1) is termed canonical expansion. 


The entirety of quantities Nic completely characterizing the re- 
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alization of the interference y(t) is a moredimensional random quanti- 
' ty whose distribution law may be regarded as the distribution law of 
the realizations. Thus, it is possible to speak of a mcredimensional 


distribution law of one interference Py (Vy; Yoo sees Vy je ben EEA 





signal is superposed on the interference, one has, however, to speak 
\ cf a moredimensional distribution law of signal and interference 
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We shall not dwell on the general problems of constructing 
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quasiwhite noise model, i.e., noise in tne limited frequency band 4 

Si 

O<f < froxs With constant spectral density No(f) = Ny in this band. 4 

The passage to the limit f ~o makes it possibie to pass from fhe 

maks i 

é the relations obtained in this case to the corresponding relations 2 





for the white-noise model. 
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First of all, we shall consider the properties of functions with 


ee. 


; iimited frequency spectrum for the first time established in 1933 


by the Soviet scientist V. A. Kotel'nikov, which equaliy belongs to 


ee a rEre 


random and nonrandom functions describing interfererices and signals. 
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§2.6. KOTEL'NIKOV'S THEOREM 


thy 


The essential statement of the theorem is. the fact that an arbi- 
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trary function y(t) whose spectrum is concentrated in the frequency - 
| band O<f < f,.., can be expanded in a4 series of functions of the 2 
form “* , ive, & 
; ain 2nfuane (t — ts) RES 
()= : t pa 
Z y y. Yn “Onfuane(E— Oa) _ (t — ty) 1 ) “s 


where yy, = y(t) are the expansion coefficients having an interesting 
property insofar as they are equal to the instantaneous values of 
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the function y(t) at discrete instants of time 
ty kbt (k=0, +1, Se 2 ea) 
St is here a time interval whose magnitude is determined by the width 


of the frequency spectrum of the function y(t) 


, 
sto: (2 ) 
Functions of the form 8% (Fig.217) whose values vary by Vig 


and are shifted in time by At to the left and to the right enter for- 
mula (1) as addends. Their summation yields a curve that coincides 
with the curve y(t) in all points. This is easy to verify immediately 
for the discrete points t, = kAt, at which all addends of the sum (1) 
except for one, vanish. For t = t, the addend different from zero 
assumes a value equal to the instantaneous value of the function y(t) 
at the instant of time be 

For the intermediate points of 


each interval At the validity of for- 





—- mula (1) must be proved. It is, how- 

Sa Oey et eres ever, evident without proof that the 
A 

9 Si ilaerct sum (1) on-an arbitrary interval At 
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spectral components whose period would 
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The proof of Kotel'nikov's theo- 


rem may be obtained from the Fourier 
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2 nics coinciding with the spectral function in this interval and con- 






tinued periodically, and the latter is expanded in a Fourier series 
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a= x Dye “a, (4) 
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The periodical continuation of the function G(f) is illustrated for 






its modulus |G(f)| by Fig. 2.18. Determining the Fourier coefficients 






D, in the usual way and using the formulas (2) and (3) we obtain 






Iugxe j%& 7! 
Dy oz gt J Gide 6 df =" —y (kal), (5) 
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Substituting expression (4) for 





Iron G, (f) into the right-hand side of 
a ae a Ve 
Eq. (3) instead of G(f) and using the 
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expression for the coefficients of 






Fig.2.18. Illustration of the the series (5) we obtain an inter- 
periodical continuation of 
the spectral density G(f) by changing the order of integration 





the example of its modulus. 






and summation 
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Carrying out the integration we obtain expression (1) correspond- 






ing to Kotel'nikov's theorem, 
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Kotel'nikov's theoren may be considered to be an alternative form 






of the series expansion 





y()= x Yada (t) 


with respect to the nonrandom functions, 
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It can be shown that these functions are orthogonal. to each other 
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Thus, Kotel'nikov's tehorem permits signals and interferences 
with a limited spectrum to be expanded in orthogonal nonramdon func- 


tions. 


§2.7. METHOD OF SOLVING PROBLEMS OF DETECTION AND MEASUREMENT OF RADAR 
SIGNAL PARAMETERS ON A FLUCTUATION NOISE BACKGROUND 


Let us remember the problem of optimum deteftion of radar signals 
and measurement of their parameters formulated in §1.4. An oscillation 
Yy(H= n+ Ax(t, a, Oy- 0 Bis Bares s)s 
is received, where n{t) and x(t, Qs Gos sees Bys Bos ...) are the 
interference and the signal, respectively. The signal is given as a 
function of the time t, the measurable random parameters Ays Ans see 


and the unmeasurable parameters By; Bo; .-. In its turn, A is a dis- 


crete random parameter (O or 1) to be determined in the detection. 


ws 


On the basis of the received oscillation y(t) and the well known 


Ser 


statistics of the interference and all random parameters the estimates 
A*, ane 5» »+- of the discrete and the continuous parameters must be 
given. 

In order to explain the method of solving this problem we shall 
simplify its conditions to some extent. To start with, we shall assume 
that there are no unmeasurable random parameters. In this case 

¥O=—al(t)+- Ax(t, a, 43,...). 
In particular, for the detection problem : 
9Q=n(l) + Ax(), (1) 


and for the problem of measurement 
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YQ=A+x(b a, a,...). (2) 


The relations (1) and (2) differ substantially from the corres- 


time enter into them. 
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| ponding relations for the onedimensional case insofar as functions of 
| 

| We shall assume that these functions do not contain spectral con- 
{ 

{ 


stants outside the frequency band 0 <f<f » Meanwhile, we shall 


maks 
| consider the quantity f snalee to be finite, intending to pass to the 


Limit t aalke +o, finally. According to Kotel'nikov's theorem the func-~ 
tions n(t), x(t), y(t) can be fully characterized by the set of their 


discrete values 
fn,’ Ms, eee 
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In other words, we may pass over from the random functions of time to 
multidimensional random quantities. Assuming their distribution to be 
continuous, these quantities can be characterized by the corresponding 
multidimensional probability densities, e.g., p pV Vos see) and 

Pop (Vy Yoo ...) where as before the subscripts "p" and "sp" denote 

the conditions that only an interference or a signal with interference 
are present. When riuitiplied by dy5 dV 5 ee. these densities characterize 
the probability of realizing the values of the first discrete quantity 
within the limits of Vy and Vy + dy,» and those of the second quantity 
within the limits of Yo and Yo + dy5s etc. Moreover, since the quanti- 
ties Vy» Yoo ees uniquely determine the whole curve y(t), the total 
probability Pp(¥y> Yos +++ )dy, dy, or Pep (Vy: Yos +++ )d¥, 45 determines 
the probability of realizing the whole curve y(t) in the following sense. 
If two noninteracting curves (dotted in Fig. 2.19) satisfying the con- 
ditions of Kotel'nikov's theorem are directed through the points Vy» Vo 


ees and Vy + dy,» Vo + dy 5 eee, the probability of the realization of 
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y(t) lying between these curves in the presence of solely the inter- 
ference will be equal to Pulur, Y2,...) dydy2..., and in the presence of 
signal and interference Pen(Y. 92,...)dyidy2... + 

It is well known that the onedimen- 
sional random quantities are characteriz- 
ed by points on a straight line, the two- 


dimensional ones by points on a plane, 





; and threedimensional ones by points in 
Fig.2.19. Explanation 


of the concept of the space. The threedimensional quantity ! 
probability density of 
realising y(t). Yys Yoo Vx @-&, can be represented by 


a point in a Cartesian coordinate system. 
If the probability density D(¥y> Yos ¥3) corresponds to each point of 


the space, the integral 


Sffow. Yu y,)dy,dy.dy,—= 1, 


—o 


Sometimes, one speaks of a multidimensional space, assuming it . 
to be some abstraction that is illustrated plastically by means of 
a three dimensional, twodimensional(plane) or onedimensional (straight 


line) space. Each realization Yys Yoo ¥ ... may in this case be re- 


3” 


garded as a point of a multidimensional space. Obviously, also in this 


case 


SJ. Plo tor Ddatty oom (3) 


The use of a multidimensional-space terminology causes the well 
known transparency, but sometimes also gives rise to conceptual dif- 
ficulties. These difficulties can always be avoided if the point of 
the multidimensional space is interpreted as a conventional name for 
the realization of the expansion coefficients Vee 


In the case of regular detection on a regular solution must be 
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adopted for each realization Yys Yoo oe This implies that a solution 
function A*(yy; Yos .«.) can be introduced, which may assume two values ae 
according to its arguments: 1 or 0, to which solutions of present or 
absent signal correspond. In other words, to each point of the multi- 
dimensional space its value A* — zero or unity, must be ascribed. Thus, 
this space is split into sections. According to into which section the 
point corresponding to the received oscillation falls the solution AY 
of present or absent signal must be adopted. The choice of the best 
solution function gen (Yy> Yoo ...) or, in other terminology, the 
best splitting of the multidimensional space into two regions a” = 0 
and re = 1 and represents a problem of the theory of optimum detection. 
It is easy to see that there is full analogy to the onedimension- 
al case of detection. There, the solution function of only one variable 
was involved and the splitting into the regions Ac = 0, A” = 1 was 
carried out for a straight line. In this case, ioudved the functions 
of many variables are considered and the splitting into regions must 
be carried out for a multidimensional space. 
Let us obtain the probabilities of correct detection and false 
alarm for an arbitrary solution function A” (Yz> Yoo wes) In analogy 


to the relations [(7) §1.5] we may write 
D= Jf... A (Ys Yar ++) Pon (Yrs Yare+-)dydyy..e, (44) 


P= JJ... A’ (Yay Yar +++) PaYrs Yar -) dy,dyy 


(5) 


In order to choose the optimum method of detection we shall, as 
before, use the weight criterion which is a consequence of the criterion 
of the mean risk minimum. The expression D— oF; corresponding to the 
weight criterion can ke represented in the form 


D—LF=ff...V Wu dn +0) Pn (Yr Yaree DEL Yu -+)—(6) 
~ I|dy,dys...5 
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(7) 


Since « system that maximizes the integral (6) is optimum from 


the. point of view of the weight criterion we cbtain as in §1.5 


A: | % se steve le _ 
AagotI=(5 UY, Yare0) > 


tt Eas Yar oo) los (8) 
We note that the quantities Yy> Yoo +e uniquely depend on the 


‘eceived realization of y(t), for which reason the denotation é[y(t)] 
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way be used instead of the denotation A yy; Yos ...). In analogy, the 
denotation A'Ly(t)] may be used for A’ (yy Yos .-.). The solution (8) 


of tr’. problem of optimum detection may then be written in the form 


Sn fle EY OL> hs 
Ava WO1={,) « Lly(Q<l,. (9) 


Thus, we have established that optimum detection problems can 
be solved by the following method. The probability ratio (7) for 
the received oscillation y(t) must be calculated. This probability 
ratio must further be compared with the threshold Lo: The solution 
of present signal is adopted if the probability ratio é[y(t)] > Ly 
and the solution of absent signal if fé[y(t)] < 4p The value of £o 


is chosen such that the probability of false alarm F does not exceed 





the admissible value F 
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dop* 
When solving the problem of optimum measurement of the parameters 
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Gys Ans see, We have to apply, as also in §1.6, to their a-posteriori 
probability density p(a,, Ans ely Vos -+-), where y,» Yo, «+. are 


discrete values of the received realization of y(t). 
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According to the theorem of probability multiplication we may 
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whence we have for a fixed realization of the received signal 


P (240 O50 0-1 Mis Yar es = 


LL 
! hy (Oy, Oey oe) (Yr Yar = [Ors Bay +++), ( ) 
where 
= ies, 
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1 (12) 


$f... plnen.. Ply, Yareoe | By @)... dada...” 





If the a-posteriori probability density is known the estimates 
that are optimum from the point of view of the mean risk minimum can ‘ 
be determined. In amny cases, the most probable, i.e., those estimates “ah 


x * 
Ay. Ao, «++, that maximize expression (11) are, in particular, the 














optimum estimates. 

When obtaining the optimum estimates the quantity of the proba- 
bility ratio can be successfully used, as in the detection problem. 
In fact, the expression . 

PEYcr Gare oe | Gyy Ayre )= Poul» Yar oes |Gys Bpy oe) 
is the probability density of the realization of the expansion coef- 
ficients Yy> Yoo ees under the condition that an interference and a 
signal with the parameters Ays Aps so are acting. 

The same realization of the values Vy» Yoo +++ may appear also 
if only an interference with a probability density of 

Pu lYrs Yar- ++) 
is acting. The ratio of these probability densities is the probability 
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ratio as calculated for completely determined values of the parameters 
3 

| G4 > Ap» eoes 
} 








P \e vowel ts ceed 
Pe tana A O3: 22) a (yy, Ya ++ |r Byy- (13) 


OF oa 









Dae oe 









a ~ e- 


ae 

oe one 

ae -- - 2 pe ~~ - . ws = 
te wether nk ar awh é : . . ‘ =f = - z Ne 
: A io wean cin ll ict oe IBS NG a ne NS peat td we Se! One Pe 
te WO mere eg im iy er a « 
. a Z 7 eee Fore a ae 
es a et eit 2 aaah a ty yon eens 8 -* we et, “ Be eee 
eS ks OA rk Spe ie", Satin mbes ee yt S rity a oes feu - cof ne re Je 44 


has 
we ret 









r oe ls i es tage use © ane an 
a a s- we a wi. ae eee De 





wie eee at See :NSaepeaiots 


: 6 ae 
- 
x age oe ye 
a a 
‘ se eee 
. , . 
4 i s es 7 f 
we ~ 
a “” 
t Ny Z a 
. At te a 
i. refs 1 hy, see aoe SCR nen 
5 es ee can wg SE en ce eee ae os 27 


at 

ed Substituting the value of P(Yy> Yos e+ [ays Qo, +++), found from 
oo formula (13) into (11) we obtain 

cot 

ras P(e, 55000 1Ys2 ares = 


= Ky p (ey, @,...) 1 (y,, Yar soo] Qs Sires ede (14) 


where 


Ky =, Palys Yay ++) (15) 


Noting that Vy Vos se+ are determined by the realization of ° 
y(t) relation (14) may be written in the form 


Pls» Gar ee -ly]=K,p(a,, Bay. Jey ia, Gsyeee]s (16) 


aye oe 


where 





ome ee 





(17) 


Besides the a-priori parameter distribution expression (16), 
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which is used in obtaining the optimum estimates, contains the proba- 
bility ratio é[y(t) |ay, ao, -..]. If the role of the a-priori infor- 
mation is small compared to that of the information obtained by the 
experiment the estimates are essentially determined by the probability 


ratio. Thus, the solution of the problem of measurement, as well as " 
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that of detection, proves to be substantially connected with the cal- 


culation of the probability ratio. 
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We note that in the derivation of the relations (7) and (16) the 
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presence of unmeasurable random signal parameters was not taken into 
account. The presence of these parameters changes the dependence of 


Penl¥t, 2...) » but has no influence on the form of the final formulas. 


‘yee 


In this case, it is only necessary to calculate the conditional prob- 





ability density Pealyy ¥2,...) and the probability ratio in a somewhat 
oo Es 
ae more complex manner as will be shown in the third chapter. ; 
oe In the third chapter we shall calculate the probability ratio 
. under various assumptions on the unmeasurable random parameters. The 
, measurable random parameters are always assumed to be fixed, in this 
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chapter (such that they will not be discussed). The dependence of the 


probability ratio on these parameters will be analyzed in the follow- 





ing chapters. 
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Page [ Footnotes ] q 
No. i 
LO We do not take account of an additional phase modulation ne 
if the antenna is rotated. This is only correct in the case 4 
where the axis of rotation passes through the "phase center". a 
AL Thus, a continuous variation of conditions (e.g., the scan- oe 
- ning rate of the antenna beam [10]) as a function of the vol- gf 

tage at the receiver input is not considered. 4 

52 Various methods of designing multiplying circuits are known. 1h 
One of these methods consists in obtaining a voltage differ- 5 

ence at thg output of tvo diodes with quadratic characteris- “ 

tics and n™ under the condition that the half sum and the * 

half difference of the inultiplied voltages are, respectively, : 
fed to either of them. ; 

mR! 

es) 

< 

[Transliterated Symbols] : 4 
: ; t 
56 Make = maks = maksimal'nyy = macimum a 
rg 
56 MuH = min = minimal'nyy = minimum 2) 
65 ont = opt = optimal'nyy = optimum iv 
66 non = dop = dopustimyy = admissible = 
59 cn = sp = signal s pomekhoy = signal with interference X 
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Chapter 3 
THE PROBABILITY RATIO FOR THE FUNDAMENTAL RADAR SIGNAL 
MODELS IN THE PRESENCE OF FLUCTUATION NOISE 
IN THE FORM OF WHITE GAUSSIAN NOISE 


§3.1. THE PROBABILITY RATIO FOR A SIGNAL WITH COMPLETELY GIVEN PARA 
METERS. 


The simplest example of calculating the probability ratio refers 
to the case where the expected signal x(t) has no unknown parameters. 
In this case, the received oscillation y(t) differs from the random 
noise oscillation by a given function under the condition of present 
signal and interference 

y(t)=n(t)-2 (0), 
The discrete values Vie corresponding to this oscillation satisfy the 
equations 
Yr=My +X, 
where X, are given quantities (discrete values of the signal); k = 


2; eee 


i; 


This implies that the presence of a signal shifts the distribu- 
tion of the values Ve relative to the case where only the interference 
is acting and y, = ny In analogy to relation [(5) §1.5] we may 


write se 
Poult Yas 1) = Pn (Gp, — Ay Vg — Xa -). 
(1) 


Thus, t’? provability ratio for a signal with completely given 


parameters can be represented in the form 
Pali: — X00 Yr — Xs.) 
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In order to calculate the probability ratio, the dependence of 
Pali, Yr, -++) » 1.e., the total distribution law of the discrete in- 


terference values must be established. 

The following assumptions were already made on the interference: 

1) The interference is a fluctuation interference and its in- 
stantaneous values are distributed according to a normal law with 
an average value equal to zero. 

2) The interference is stationary, i.e., its statistical charac- 
teristics are constant in time. 

3) The interference belongs to the quasiwhite noise with a uni- 
form spectrum in the frequence band O0<f<Juare (in the following, 
the passage to the limit [uae+co is intended). 

It follows from the first assumption that the probability density 
of any discrete value of interference is equal to 

‘ a 
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where nea is the dispersion; k=l, 2, ... 

It follows from the second assumption that the dispersion of the 
interference is equal for all discrete values: OF oe = a 

It fol.ows from the third assumption that the correlation func- 


tion of the voltage of this noise for a resistance equalto unity is 


described by the expression [(9) §2.3] for  fum=0 , i.e., 


R®Q=N I sano qos ‘ COB (Rf xanot) = 


sin (2f wanet) 
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Putting the interval t times the time discretization interval 


we obtain using Kotel'nikov's theorem At=,-!— 
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R(mAt) == Nf want Ngo “ st =0, 
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i 
This implies that discrete values Ve with different numbers are uncor- 


related random quantities and that the dispersion of these quantities 


is equal to the product of the spectral noise density and its spectral 


width re 
M=R(0)= Ni fuane 
(3) i 


Using all three assumptions we can write the manydimensional 


distribution law in the following form: 
Pa(Yas Yar ++ -}= Pn (Ys) Pr (Ys) - = 


a Fi 
= seh fe whe * oe, 
¥ Zan, V 2nn, 


where No = Nofnaks* Substituting the obtained expression in formula 


(2) we have 
ee Nene 
. n an2 
LW Ya» J=—_*-—... 
ays ih vad reat 8 (4) 





Rewriting formula (4) and replacing in it no = Naf eee = o/2ht, we c 


Ovm 
obtain 
t M —wy te me avn” 
A bts Yar -» Jae *. e : ° (5) 


Expression (5) determined the sought probability ratio for a sig- 


et 


nal with completely given parameters and an interference in the form 


=e 


of quasiwhite noise. It permits a simple limiting transition to the 
case of white noise if fuaxc-—-o, and Aft—0 . In this case, the sum 
in the exponent of the first factor goes over into an integral that 7 


is numerically equal to the energy of the expected signal 


tim), at fro =9, (6) 
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and the sum in the exponent of the second factor goes over into the 


integral 


lim Di avaat ae X(tyy (t)dt, 


which will be termed correlation integral in the following. 
Thus, the final expression for the probability ratio can be given 


in the following form: 


a & 


l=I[y(jjme ™ e%, (7) 


where No is the spectral noise density; 939 is the energy of the ex- 


jected signal and z is the correlation integral 


z= j x (by (t) dt=z [y (f)]. 


(8) 


§3.2. THE PROBABILITY RATIO IN THE PRESENCE OF UNMEASURABLE RANDOM 
PARAMETERS 


Let the total oscillation 
y(=a(t)+x(t, By Ba---). 
be received under the condition of present signal and interference. 

We shall consider the total probability density of the discrete 
valyes Ve of the received oscillation and the unmeasurable random pa- 
rameters B,- The considerations are made on the assumption that the 
measurable random parameters are fixed. According to the multiplication 
theorem of probabilities we may write . 


. P (Yas Yaron os Bay Bar -- = 
= P (Yrs Yer > + -)P (Bas Bar - + +1 Yar Yar -) = (1) 
=P» Bsr» ++) P(Ya» Yee  1By: Ba. -). 


On integration of an absolute or conditional probability density 


within infinite limits we always obtain unity, in particular, 
eo 
§f... 2 Pave + [Yas $a» -- -) dB,dB,... = 1. 
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Re Consequently, we obtain as a result of the integration (1) 

aS P(r» Yor es == * 

eb: eo 

a FU PlBas Bares) Ces Yar 1Bis Bar DAB dB... (2) 

i? —t ; 

L According to the condition  P(¥ Y2...)=Penl#. ¥2---) represents the pro- 

[ bability density of realizing the values Vy in the presence of signal 

| and interference. Dividing both sides of Eq. (2} by the probability 

density of the same values Vie in the presence of the interference - 

alone Pali, Y2.-.) » We shall obtain the sought expression for the 
robability. ratio ‘ 
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The divisor may be written under the integral sign since it is inde- 

pendent of the variables of integration. The quantity 

t 

POWs Yo aonb Bred 1 (ys, Yay Bu Bar.) 

[ is a special value of the probability ratio for fixed values of the F 

unmeasurable random parameters. In other words, this is the probability 

be ratio for a signal with completely given parameters. 

oh ; 

ee Hence it follows that the sought probability ratio is obtained by 

taking the mean of its special values over the unmeasurable random 

; i parameters: 
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According to the results of the preceding section 
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§3. 3. PROBABLLITY RATIO FOR A SIGNAL WITH RANDOM INITIAL PHASE 
As to the degree of complexity, the next model after the signal 
with completely known parameters is, as was already remarked in §2.2, 
a signal with random initial phase 
(, B) = X (t) cos [af -+- es (1) +B}. (1) 
It is also just this signal that may be regarded as the simplest ex- 
ample of an application of the general relations of the preceding sec- 
tion. 
We consider the initial phase 6 to be distributed uniformly in 
the interval from 0 to 2m with a probability density of p(p) = 1/27. 
In order to apply the general formula [(8) §3.2], it is, first 
of all, necessary to calculate the correlation integral and energy 
for a fixed value of the parameter 6, making use of the relations 
[(7) and (6) $3.2]. 
Using the formula of the cosine sum , we obtain from (1) that 
X(b, B=X (cos [ag +92 (1 e083 — 
—X (t)sin [@,/-1-9, ()] sin 8. 
Introducing the designations 


H(HQ=X(OHeos[athes(Oh | (2) 
% (=X (t)sin [af +x (A), J 
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we find 
X(t, B) =~, (f).c05 B 4x, (f) sin 3. 
(3) 
The correlation integral can then be written 
z{yOiB1= | x¢ Py (tat —z,cosh+2, sing, (4) 
where 
44= j xy (tz, [YO : 
z= { xs( yd 2, lu (h) (5) 


—t 


Introducing the quantities Z and @, determined by the relations 


z= 242, (6) 
cos 8 = +, } (7) 
sin@= 4, 


we shall finally write the expression for the correlation integral 
in the form 
2 [y(t)|Bj=Z [cosB cosO-+- sin B sin 8] = Z cos (B — 6). 

We shall now obtain the energy of the signal 9(8) . If its os- 
cillation amplitude X(t) and phase 9,,(t) vary only slightly during 
each high-frequency oscillation period, the energy is practically in- 
dependent of the initial phase B such that 

3(})= f. X*(t) cos" [wt tes ()-+ Blut = 
aie ‘()dt=3. (8) 
“eo 
We may now pass over to the calculation of the probability ratio. 


Using formula (8) of the preceding section we obtain 


We remember that 
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is a zero-order modified Bessel function (Fig. 3.1). 


Thus we have for a signal with random initial phase 


tae 1, (2), (10) 


where the value of Z is determined from the relations (5) and (6). 





Fig. 3.1. Diagram 
of the zero-order 
Bessel function. 


§3.4. PROBABILITY RATIO FOR A SIGNAI, WITH RANDOM AMPLITUDE AND RANDOM 


INITIAL PHASE 


The model of the signal with random amplitude and random initial 


phase is written in the form 


x(t, B, B)=BX (1) cos [et-+- 95 (0)-+ 6} (2) 
Assuming the initial phase to be equally probable within the 


limits of O to em and the coerficient B distributed according to Ray- 


leigh's law with a root-mean-square value equal to unity the probability 


density of the quantities B and B may be written in the form 


70, =p 20h Ber, (2) 
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where B > 0. 
Let us pass over to the calculation of the correlation integral 
e{y (4) (6, 8} and the energy (6,8) for fixed values of the parameters 
B and B. In analogy to the way in which this was done the preceding 
section we may obtain . 
z{(y (t)\§, Bl = BZ cos (p — 8) (3) 
and 
3(p, B)=B9, (4) 
where the expressions for Z, 96 and gy are the same as in $3.3. It 
is easy to see that in contrast to the preceding case the energy 


3(, B) aspends on the random factor B. Its mean value is equal to 


co 2s eo 
Jep= fas J 318, B) p(B, B)B=3Ffopre-"aB=3, — (5) 
° ‘ 


i.e., to the energy of the signal for the special value B = 1. 
Using the general formula [(8) §3.2] we obtain 


FE RE cos (sm) 
e 


oo” & 
fat jaa Be" e MeN d3. 
8 


By virtue of Eq.({(9) §3.3] and Eq. (4) 


__ _BM3+Ne) 


« 
fel ac)e BdB. (6) 





Using the tabulated integral 





ee * o 
Jrteane stem pe, (7) 
we obtain 


‘ 1s2 
No __ a S40, 
‘=3+m °° (8) 


4 


where the value of Z is detezmined from the relations [(2), (5), (6) 
§3. 3.]. 
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§3.5. PROBABILITY RATIO FOR A SIGNAL IN THE FORM OF A RADIOPULSE 
PACKET WITH RANDOM INITIAL PHASES 


The model of a signal in the form of a pulse packet with random 


(bs Bre Bas» Y=). Xn(t)c08 feat -+ 90 (0+ Pa (1) 





initial phases is described by the relation 

i 

We assume the pulse amplitudes to be nonrandom and the initial 
{ 


phases Bi. to be independent random quantitites each of which is uni- 








| 
4 
| formly distributed within the limits from 0 to 2m. The total probability 14, 
density of these quantities is described by the relation li 
| P.(Br> Bas «+ -)= p(B) BPs) «++ 5 (2) - 
! where 4 
i . ok 
! P(R)=P)=--- =H (3) - 
w 
Using the cosine sum formula as in §3.3, expression (1) may be if 
written in the form a 
‘ . tt 
xit, B, Bi» . j= ¥ [%s2 ¢) cos Bp +40 (t) sin Bal, ( 4 ) 4 
7 a , 
where 
Xian (t= Xn (l) cos fmt + oa (C5 
| ta =—Aasiniag-+ edo) J (5) 
Hence 
Zly 18. Ba. J= f xt. By» Bars» -)y(at= 
| es (6) 
=), (Zan cos By + 2k sin Ba), 
where 
i eh 
' Zan= (xn(y (td, 
{ =o 
: 0 
i Zn= (Xn (ty(t)de. 
i ~o 
| e 
| With the denotation 
! 
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Vaiten=Zn 
expression (6), as in §3.3, may be written in the form 


z Ly(E)1rc Bus ---]= 3 24.608 (Pa — Os) (7) 


On the assumption that the packet consists of nonoverlapping pul- 
ses its energy can be determined as the sum of the energies of the in- 


dividual pulses. Assuming the amplitude and the initial phase of each 


pulse to vary only slightly during a high-frequency oscillation period 


‘we obtain 


3: Poo =P AO=\) > | MM =Y 
a a a (8) 
where 3, is independent of the random initial phase Bi, 
To calculate the probability ratio we use, as before, the general 
formuia [(8) §3.2] which by virtue of Eqs. (2), (7), (8) may be writ- 


ten in the form of a product 


On integration we obtain according to formula [(9) $3.3] 


9» 
Tem 7 (8). 
tele am) (9) 


It is easy to see that the probability ratio for a packet of non- 
overlapping pulses with random independent initial phases is determin- 
ed as the product of the probability ratios for each pulse of the pack- 
et. 


§3.6. PROBABILITY RATIO FOR SIGNALS IN THE FORM OF A PACKET OF RADIO-~ 
FULSES WITH RANDOM AMPLITUDES AND INITIAL PHASES 


For the model of a signal in the form of a packet of nonoverlap- 


ping pulses with random amplitudes and initial phases we have 
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4 
x(t, By» By ee By B,, oe j= 
_/ 
= ByXx (0)008 [at -+-94 (+ Bal (1) 
In this case, we shall restrict our considerations to two limiting 
cases: 


a) the case of independent fluctuations where 


PB. Bissis ° By B,,.-.)= p(B, By. . -)p(B,) p(B). ait (2) 
b) the case of friendly fluctuations where 
P (Bas Bar -- +> By, By...) (3) 


= p(B, Py» ~- -)8(B, — B)*{B, — B)... p(3).. 
In the first case the aplitude factors Bi» Bo» +o. are indepen- 


dent random quantities. In the second case they are identical random 
quantities, i.e., 
B,=2,=...=B 
[if they were not equal at least one delta function in the expression 
(3) would become zero]. As to the distribution function of the initial 
phases B(Pys Bo» .--), it can be chosen equal to that in the preceding 
section [formulas (2) and (3) §3.5]. The quantities B,, B,, ... in 
(2) and B in (3) are assumed to be distributed according to Rayleigh's 
Law . _ 
? P(B)=2Be™, (4) 
In analogy to the corresponding relations of the preceding sec- 


tions we may write for the case of independent fluctuations 


ZY (2)|Bis Bars ++» Byy Byys-.}= ¥ ByZa,c0s (Ba — Op), (5) 
& 


(6) 


is the mean energy of the kth pulse of the packet. 


(Bis Bese» » » Bys Buys) =D Bian 


where 


Substituting the relations (2), (4), (6) into the general formula 


[(8) §3.2] we obtain 


(So ge nner 

. EES hee 

~ ewe SR ae Me ec re tal le eae ancl ee doen pmeete ae 
ios ’ 


Sk SN ee ai ee wie ph ee pe aT eT ee ee 





= os 


7 
‘ 
4 


Ws 


Re 


wer HF 
oo 


* 
i 
f 
~~ 
~ 
| . 
| . 
j 
~ 
om 
aspare* 
ee 
, 
é 
. 











ie. = ot ‘ a s . x i” ro? 2 ant Nee tee 
a mate . ne : 





The same transformations as in the derivation of Eq.[{(8) §3.4] 
may be carried out for each factor of the obtained product. For the 


case of independent fluctuations of the packet pulses we then obtain, 
finally, 





(7) 


For the case of friendly packet fluctuations we may obtain, sim- 


ilarly ” 


ee. Bt (3p +N) 


( af a /, Fae)| dB, 





(8) 
where 3, is the mean packet energy 
I=» 
& 


The formula for the probability ratio is considerably simpler for 
independent packet fluctuations (7) than formula (8) for the case of 
friendly fluctuations. 

We must note that formula (7) is not only applicable to a packet 
of pulse signals nonoverlapping in time, but also in several other cases. 
It is also correct in the case where the signal overlap, but have 
nonoverlapping spectra, and their fluctuations are independent. In sev- 
eral works on radar these signals are recommended for reducing the in- 
fluence of target fluctuations (the case that signal fading on one of 
the carrier frequencies will be accompanied hy fading on another fre- 
quency is not very probable if the frequency separation is great enough). 
It is easy to see that the calculaticns carried out will remain correct 
also for the aforementioned class of signals if in Eu.(1) the phase 
ooft+p(!) is replaced by — oat+qa(t) In this case, also Z:s.(5), (6) 


- 82 . 








* rea 
= aie es Se ne a ake 
‘ y 
fe 1 
* 4 
K oe Me 
“ ‘ 
2 S : ~ ~~ 
. * 
~ 
vw = - 
‘ 
, : 8 
De uence mens ete ~ = - : a i 
aa teres = ~ Bets So ky 4055 : F ae: : nas \ 
=, a =e page enenine Aaah one 
3 


and, consequently, also Eq.(7) will remain valid. 


Manu- 
me [Transliterated Symbols] 
. No. 
70 cm = sp = signal s pomekhoy = signal with interference 
| 70 1 = p = pomekha = interference 
71 Make = maks = maksimal'nyy = maximum. 
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Chapter 4 
THEORY AND PRINCIPLES OF DESIGNING DEVICES FOR 
OPTIMUM DETECTION AND MEASUREMENT OF PARAMETERS 


§4,1. GENERAL CONSIDERATIONS CONCERNING THE CONSTRUCTION OF DEVICES 
FOR OPTIMUM DETECTION AND MEASUREMENT OF PARAMETERS 


As shown before, the problem of optimum detection may be solved 
in the following way: the probability ratio for the received oscilla- 
tion y(t) is calculated; it is then compared with some threshold 4), 
whose value is determined such that the probability of false alarm F 
does not exceed an admissible value Faop* Not only the probability 
ratio, but also any quantity connected monotonically with it can be 
compared with the threshold. The calculations of this quantity may be . 


automatized or not, but it is just the automatized calculations rea- 


lizable by means of optimum receivers that are most interesting for 





t 


Fe EVE Seer 


‘ present-day radar. 

- The situation occurring in the solution of the problem concerning 
optimum measurement of parameters is analogous. An optimum receiver 
must calculate the a-posteriori probability density [(16) §2.7] or any 
quantity connected with it monotonically as a function of the possible 
values of the measurable parameters. As a result, some uptimum esti- 
mates, e.g., the most probable estimates corresponding to the maximum 
of the a-posteriori probability density must be worked out. The optimum 


measurement devices must carry out the calculation. of these estimates, 
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depending on the high-frequency oscillations entering the input of the 


receiver, in which case it is desirable to carry out these calculations 
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‘automatically. 

The purpose of this chapter is to consider the possibilities of 
synthesizing detection and measurement "~ revealed by theory. 





The values of the probability ratios obtained in the preceding chapter 
for fundamental signal models in the presence of an interference in 
the form of white Gaussian noise will be the starting point in the 
synthesis of these devices. 
§4,2. SIMPLEST CORRELATION CIRCUITS OF OPTIMUM RECEIVERS 

To start with, we shall consider the problem of synthesizing 
optimum receivers as applied to detection devices for the tnree simp- 
lest radar signal models: a signal with completely given parameters, 
a signal with random initial phase and a signal with random amplitude 


and random initial phase. The probability ratios for these signals read, 





respectively: 
aoe ge: 
f=e Ho @No (1) 
ae 
f=e a h(i). (2) 
- aie 
os (3) 
Here 2 
ze= [xy (dt, (4) 
za VFqa, (5) 
where, in its turn, 
Za | AsOu ide (6) 
and 
SQ =2X Oud toh (7) 
~ 85 ~ 
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For a signal with completely given parameters the probability 


ratio (1) is a monotonic function of the correlation integral z to be 


Te AE a 


determined from relation (4). The comparison of the probability ratio 
with the threshold Lo is equivalent to the comparison of the correla- 
tion integral with the corresponding threshold Zs which is illustra- 
ted by Fig.1.7, except for the designations. 





Fig. 4.1. Structural diagram of the simp- 
lest correlation detector. A) Multiplier; 
24 integrator; C) threshold device; D) if; 
E) if. 


Thus, the device for optimum detection of a signal with complete- 
ly given parameters must calculate the correlation integral (4) and 
compare it with the threshold an: 


Figure 4.1 shows the structural dlagram of such an optimum detec- 





tor. It consists of a multiplier, an integrator and a threshold device 


(a minimum limiter). A reference oscillation x(t) corresponding to the 


Pps 


expected signal and the received signal y(t) are fed to the multiplier. 
Immediate integration of the product x(t)y(t) yields the correlation 
integral. Such a receiver is termed a correlation receiver. The value 
of the correlation integral is compared with the threshold z) in the 
limiter circuit. The threshold level is chosen such that if there is 
no useful signal the probability of exceeding the threshold (the prob- 
ability of false alarm F) is not greater than the admissible one. 
For signals with random initial phase and signals with random 
amplitude and initial phase either of the probability ratios [(2) or 
(3)] is a monotonic function of the quantity Z = V 242 ° <7 Bre { 





here the correlation integrals to be determined from Eq. (6). Thus, in 
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these cases the optimum detector circuit must calculate the correlation 


integrals 24 and Zs After the V 242 operation the comparison of 


the obtained quantity Z with the threshold Zo which is chosen by the 
same considerations as in the first case must be made. Figure 4.2 shows 
the structural diagram of the corresponding device. The oscillations 
| x, (t) and X(t), which are phases shifted by 90° are fed to its multi- 
pliers as reference vibrations. In radio engineering such oscillations 
! are usually called quadrature oscillations. Consequently, also the dia- 


gram shown in Fig. 4.2 may be termed correlation diagram with two quad- 





rature channels. 











xy2Xeoslwett He (t)] 
Xg2Xsin[orgt tye (tl) 
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tor with two quadrature channels. A) 
Threshold device. 


| 
i 
| 
z 
| 
. ig. 4.2. Diagram of a correlation detec- 
| Fi 4,2. Di f lati det 
‘ 
} 
} 
} 
‘ The existence of two channels excludes the possibility of losing 
\ 
the useful signal owing to the fact that its initial phase is unknown. 
{ 
tion integral in the first channel on account of a phase shift by 90° 


relative to the reference voltage, it certainly yields an increase of 


| 
If, e.g., the useful signal does not yield an increase of the correla- 
seen from the expressions (5)-(7), the result of reception in the pre- 
sence of two quadrature channels is independent of the random initial 
phase. It is remarkable that this rule is taken into account by theory 
on the basis of general considerations on the optimum way of process- 
ing, without previously analyzing the circuit solutions. 


The circuits (Fig.4.1 and 4.2) are only optimum if the position of 





the correlation integral in the second quadrature channel. As can be 
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the expected signal on the axis of time is known. The case where the 
delay time of the signal is unknown was not analyzed here in detail 
owing to difficulties of computational character. An answer to the prob 
lem whether a signal with unknown delay time is present may, however, 
be given if the fact of presence or absence of this signal is estab- 
lished for different values of the delay time, the interval between 
which does not exceed the corresponding resolving power. Hence we can 
apply a multichannel correlation circuit in which each channel or each 
pair of quadrature channels is calculet=t as to its da’yv *ime (Fig.4. 3). 
Multichannel correlation circuits may be used vo receive signals dif- 
fering not only by the delay time, but also by their carrier frequency 
(e.g., on dccount of the Doppler effect). 

We have to note that the reception of sig- 
nals with arbitrary time delay is particularly 
widespread and important in radar. The fact 
that a correlation reception circuit must have 
a great number of channels for scanning the 


whole range proves to be its drawback. In the 





following sections we shall familiarize our- 


Lh Smee lent selves with the circuit of optimum reception 
mag panna een permitting optimum detection in a wide range of 
caEeMye delay times using one receiving channel. 


§4.3. USE OF OPTIMUM LINEAR FILTERS IN THE CONSTRUCTION OF OPTIMUM RE- 
CEIVERS. PULSE RESPONSE OF THE OPTIMUM FILTER. 


We require that a circuit element of optimum reception should com- 


pute the correlation integral for arbitrary delay time of the expected 


signal 
x()=4(t—4,), (1) 


where u(t) is the function describing the signal with vanishing time de- 


be Be 








lay. We shall assume that this function is completely known. 
In this case the correlation integral is not only a function of 
the realizatior of the received oscillation y(t), but also of the delay 


time of the expected signal. i.e., 





: z=2[y(t)|6) (2) 


wee etin. 
wee 


or, rewriting it in a slightly different way. 


z=2(h)= { y(u(t—t)at, (3) 


pile Soe 


Thus, a circuit realizing the mathematical operation (3) for an 


eh sea 


arbitrary given function u(t) and an arbitrary parameter t, must be 


designed. 
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Fig. 4.4. Explanation of Pulse re- 


a 
° sponse Determination. A) Filter. ¢ 
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It is easy to see that Eq. (3) is a convolution integral. It is 
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wellknown from the theory of linear electric circuits that the convolu- 
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tion integral expresses the voltage at the output end of the linear 
filter. Consequently, in order to carry out the mathematical operation 
(3) it is also possible to use a filter which yields a convolution in- 


tegral of the required form. In the following such a filter will be 


called optimum, since it carries out the basic operation of optimum pro- 


~er 


cessing - the calculation of the correlation integral. 
One of the fundamental characteristics of an arbitrary linear fil- oe 

ter is its pulse response, or weight function, v(t). It is wellknown 

that the pulse response describes the reaction of the system on an in- 


put voltage in the form of a single pulse 6(t), supplied at the instant 


of time t = O (Fig. 4.4). Of course, the pulse response assumes values 
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different from zero only at t > 0, since the effect cannot precede its 
cause. 

The reaction of the filter on an arbitrary action y(t) is given 
as the convolution integral of the function y(t) and the pulse response 


v(t) 
w(t)== fot—syyeyds. (4) 


The derivation of relation (4) is illustrated by Fig. 4.5. The 
action of the oscillation y(t) at the instants of time from s to s + ds 
is equivalent to the input of a very short pulse with an "area" of | 
y(s)ds. The reaction on this pulse at an arbitrary instant of time 
t > s is equal to v(t — s)y(s)ds and zero if t < s. Using the super- 


position principle we obtain 


w(tj)= fot—syy(as 


and 


o— Jot —syyis)ds. 
i 


Summing up these expressions terms by term we obtain Eq. (4). 


As follows from Eq. (4), the 
‘(the voltage at the output end of the fil- 
; - ———— ter at an arbitrary instant of time t 
depends not only on the supplied vol- 


o 


eo tage y(t), but also on the pulse re- | 
“ft sponse v(t). 
() 
In order to determine the pulse 

: response of the optimum filter we 
Fig. 4.5. Explanation con- 
cerning the calculation of shall require that the voltage at its 
he, Varbeee ab. Me OUlDUs output end at the instant of time 


end of an optimum filter. 
t = tz + to (to is some constant va- 
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lue) except for a real factor C should be equal to the value of the co-~ 


rrelation integral, i.e., 
# (ly-+4,) = Cz (4). ) 

This requirement boils down to the demand that the values of the 
correlation integral should be reproduced at the output end of the fil- 
ter one after another with some constant delay to: In this case, the 
use of the time base permits the fact of exceeding the threshold level 
to be determined for any delay time of the signal. The greater the de- 
lay time, the later the correlation integral will be formed. This cor- 
responds to the picture’ usually observed on the amplitude marker when 
the signal from the target is placed at a distance from the base head 
that grows with the distance from the target. 

By virtue of Eqs. (3), (4) and (5) we obtain 


f v(te-+4—s)y(s)ds=C f u(s—tay(s) ds: (6) 


Eq. (6) is identically fulfilled if 
o(ts-+t,—s)=Cu(s—t,). Ca 
Introducing a new independent variable t = t, + bo — s, we obtain 
the final expression for the pulse response of an optimum filter 
(0) =Wons (j= Cu (t, — 2), (8) 
where C and to are constants to be determined by its parameters. 
At any instant t, + to such a filter yields the value of the cor- 
relation integral z(t,) at the output (except for a factor C), i.e., 


it may serve as the sought element of the optimum reception circuit. 


Expression (8) shows that the pulse response of the optimum filter 


is obtained from the function u(t) describing the signal with zero time 


delay, by replacing its argument t by bo — t Such a transformation co- 
rresponds to a mirror reflection of the function u(t) relative to the 


straight line t = t)/2. The latter is easy to verify if in Eq. (8) the 
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substitution of variables t = t/e + € is carried out. In this case, 
Eq. (8) may be rewritten in the form 


vom (+t) —Cu (4-1), 
which attests to the fact that the transformation (8) is a mirror re- 
flection relative to the straight line t)/2. As follows from all these : 


considerations set forth, the mirror pulse response of the optimum fil- 


ter guarantees the best signal detection on a white Gaussian noise 


c 


_ background. : ~ oa, 


Figure 4.6 a, b, c, d, illustrates the considerations made above. 
In particular, Fig. 4.6a shows a signal with definite delay time x(t) = 
=u(t— t3) as superposed on fluctuation noise. The wider the frequency 
band in which the noise is acting the greater is its dispersion. For 
white noise the dispersion is infinite. Consequently, the figure shows 


a noise whose spectral width is about the same as with the useful sig- 


Figure 4.6b shows a signal u(t) analogous to a useful one but with 
zero delay time and without noise. Figure 4.6c shows the corresponding 
pulse response at C = 1. The values of the pulse response and the sig- 
nal for points on the time axis lying on opposite sides of t)/2 at a 
distence of the same magnitude € coincide. 

Figure 4,6c shows the result of optimum filtration as a functz.on 
of the time t. It was calculated with the help of formula (4) under the 


condition that the pulse response v(t) is determined by Eq. (8), i.e., 


that 


w(it)=C f els —t-+-s)y(s)ds. (9) 
In this case 


w(t-+t)=C fuls—tiy(s)ds=Ce(t 
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The envelope of the useful signal oscillations at the output end 
of the filter (in case there is no noise) is shown by the dotted line 
in Fig. 4.64. 
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Fig. 4.6. Explanation of the determination and the principle of action 
of an optimum filter. a) Total voltage y(t) of noise and useful signal 
at the input end of the filter; b) expected signal u(t) with zero delay 
time; c) pulse response v(t) = Vops (t 3 da) total voltage w(t) of noise 


and useful signal at the output end of the filter. A) At. 
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The noise distorts tne useful signal. Thus, the total voltage of 
signal and noise at the output end of the filter w(t) at the instant of 
time t = t, + to will not be maximum, in all probability. The value of 
w(t, + to) = Co (t,), however, always corresponds to the value of the 
correlation integral for a given signal with an expected delay time 
to. This value appears the later the greater the value of bo which, in 
this way, characterizes the delay of oscillations in an optimum filter. 

It can be seen from the figur2 that after the filtration (Fig. 4.6d) 
the separation of the signal from the noise background is better than 
before the filtration (Fig. 4.6a). The difference will be still more 


remarkable if tne interference acts in a wide frequency band, similar 


to the white noise model. 


We must pay attention to the constant quantities C and to which 
enter Eq. (8) for the pulse response. They permit the demands which must 
be fulfilled in the realization of optimum processing of the received 
oscillations with the help of a filter to be taken into account. 

As a matter of fact, if the signal. amplitude is small the transfer 
constant of the circuit must be chosen to be great, which is allowed for 
by a factor C # 1 in relation (5). At the same time, the corresponding 
level of the limiting threshold must be determined in order to guarantee 
the given probability level of false alarm. 

Furthermore, a filter cannot be realized by choosing the vaiue of 
t > in an arbitrary way. By way of example, for the signal] u(t) (Fig. 
4.6) at ty = O the pulse response of the filter v(t) will lie. in the 
region t < 0. Such a response cannot ve realized. 

Thus, the value of to must be chosen such that the values of the 
pulse response v(t) different from zero lie in the region t > 0. Hence 


it follows that the duration of the delay in an optimum filter to can- 


not be shorter than the duration of the signal Ty. 
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§4.4. SIGNAL-TO-NOISE RATIO AT THE OUTPUT END OF AN OPTIMUM FILTER 
Owing to the linearity of the filter the voltage at its output 
end is the sum of the results of the independently acting voltages of 


the useful signal x(t) and the fluctuation noise n(t). As a matter of 


- oe zm za at mnogo 
Ene we aos 
ee . * 


fact, carrying out the substitution 


a! 


y (s)=a(s)-+-u(s-—t,), (1) , 
in Eq. [(9) §4.3] we obtain 


. w(t) = w(t) wall), (2) oo 


where | 
We (t}==C f u(t,—t4- a u (s— {,)ds, (3) 


Wy ()==C Fat.—tpo)n (s) ds. (4) 


The voltage of the useful signal we(t) is a nonrandom function of 
time. This function attains a maximum at t = t, + ty (Fig. 4.6d, dot- i 
ted line) if both factors of the expressicn under the integral sign in 
Eq. (3) are identical functions superposéd in time. In this case, the 
value of the maximum proves to be proporti:. ial to the energy of the . 
expected signal and independent of its foxm: ML 

f 


We(la-+t)=C €ul(s—ts)ds = CO =e wane (5) 


eo , 

We may, by the way, conclude from this fact that the instant t, + i 
+ to of reading off the correlation integral from the output voltage is | 
quite justified. The correlation integral is read off at the moment of 5 
maximum expected voltage of the useful signal at the output end of the 


filter. : 


This noise voltage W(t) is a random function of time. Its mean 








wy (()=C fus—t-+5)a@jds=0. (6) 


value is equal to zero since n(s) = 0. In fact, 
195-6 
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The noise dispersion is, therefore, equal to the mean square of 
the voltage Wp (t): 


w (= [e f mly—t+s)n copa (7) 





Replacing the square of the integral by the product of two iden- 
tical integrals with different variables of integration and passing 


over to a double integral we obtain 


w (()=C? Fats—ttsyds faG—cpena (s)a(r)e’. = (8) 


For a stationary interference n(t) with a mean value equal to zero 
the value of the product n(s)n(r) is a correlation function of a dif- 
ference argument 

A(s)a(r)=R(s—r). 
As to an interference in the form of white noise with a spectral 


density Ny we have by virtue of Eq. [(2) §2.4] 


REA) =*f-8(s—n). (9) 
Substituting expression (9) into (8) and using the general proper- 


ty of integrais with delta functions 


f ee8e—ndr=9Qy, 


we obtain 
; 37 ON, N 
eat fut —tbaydecrp : (10) 
2 
The effective (root-mean square) interference voltage Wp ef is, 
thus, equal to 
w= wf —cy 9. (11) 


The ratio of the maximum value of the signal to the effective va- 


iue of the interference w, maks/"'p er is called signal-to-noise voltage 
ratio. Its value is found with the help of Eqs. (5) and (11), 
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It is characteristic that the signal-to-noise voltage ratio at the 
output of the optimum filter depends only on the energy of the useful 


signal ai.d the snectral noise density No and not on the form of the 


; 
| 


signal. The same holds for the signal-to-noise power ratio 


2 
Pewane 29, 


: “wy, Me (13) 


asd . { 

There is no filter which can yield a greater signal-to-noise ratio 
than the optimun filter. In fact, let us assume that such a filter ex- 
ists. In this casé, putting it before the threshold circuit instead of 
the optimum one a greater probability of correct detection D can be 
obtained if the probability of false alarm F is given. But it is just 
the optimum receiver that yields the highest proability D for a given 
probability F. This implies that also the optimum filter of this re- 
ceiver under giver conditions yields a signal-to-noise ratio which is 
the highest compared to other linear filters. 

§4,5, FREQUENCY CHARACTERISTIC OF AN OPTIMUM FILTER 

Besides the pulse-response characteristics of filters the use of 
their frequency characteristics is very widespread. The frequency 
characteristics are particularly convenient if signal filtration from 
noise by means of resonance oscillatory systems is considered. But 
they can eee be used in other cases. 

The frequency characteristic K(f) of a linear circuit (in complex 
form) is determined in the following way. We assume that a harmonic 
oscillation 

yQ=e*", (1) 
is fed to the input end of the circuit. 

In thas cages the voltage at its output must be equal to 
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w(Q=K (fem. (2) 
Or, the frequency characteristic is, by definition, the relation 


K(f =i for y(t)=el*", (3) 


Substituting expression (1) into formula [(4) §4.3] for the vol- 
tage at the output end of the filter and replacing w(t) according to 


formula (2) we obtain 


K(ped*! = v(t--s) eds, 
“aon 
Dividing both sides of the equation by the factor ,/*! and car- 
rying out the substitution of variables t — s = tT, we find an expres- 
sion for the frequency characteristic in terms of the pulse-response 


characteristic: 


K(j= { v(s)e ds, (4) 


20 
Equation (4) shows that the frequency characteristic is the 
Fourier transform of the pulse-response characteristic. 
Making use of relation (4) we find the frequency characteristic of 
the optimum filter. In view of 
Pons (1) —=Cu (ft, —t), 


we obtain 
7 : 
Kone (fp=C i) u(ty—r)e ds, 
, ~o - : 
Carrying out the substitution of variables to —t=t, we find 
eo 
Kouz (f)=C i) u(t) ell dp Palle, ( 5 ) 
60 


Hence it follows that the frequency characteristic of the optimum 
filter Kopt (f) will be 
Kony (f)=Cg’ (f) ees, ( 6 ) 


Here C and t, are real constants (as also in §4.3), g*(f) is the 


0 


= 985 














I 
| 
i 
| complex conjugate value of the spectral density g(f) of the expected 
' 


signal u(t), 


g(= faq en ltyy (7) 


ra comet on! 


The expression.g*(f) differs from expression (7) only by the sign 
in front of the factor j in the power exponent. 
We shall pass over to a more detailed analysis of relation (6) de- 


termining the frequency chai°cteristic of an optimum filter. 
14 



















Evidently, this characteristic is described by the complex conju- 
gate spectral density g*(f) of the expected signal u(t), except for an 
arbitrary real factor C and the delay factor ¢@/*l'o . 

We shall rewrite the spectral density of the expected signal in 


terms of its modulus and its argument 


e(h=le (piel, (8) i 

where |g(f)]| corresponds to the amplitude frequency spectrum of the ex- a 

ft 

: pected signal, and arg g(f) to its phase-frequency spectrum. Obviously, 

~ us 
: g=lehlere, (9) 


i.e., in the conjugate spectrum the modulus is the same, but the argu- 
ment has the opposite sign. 


Substituting expression (9) into formula (6) we obtain 


: Kons (f)=Cle (yee ee, (10) 
Taking the modulus and the argument of both sides of Eq. (10) it 





is possible to go over to the amplitude-frequency and the phase-fre- 





quency characteristics of the optimum filter, respectively. 





To start with, we shall deal with the modulus. Noting that ee 
je*]=1, we obtain 


[Kons (f)|=C | g(f)}. (11) 
This implies that the amplitude-frequency characteristic of an op- 
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timum filter is proportional to the amplitude-frequency spectrum of the 
expected signal. An optimum filter must, therefore, be most permieable 
for those spectral components which are most distinctly expressed in 
the spectrum. Weak spectral components of the signal are suppressed by 
the filter since in the opposite case besides them intense noise compo- 
nents would pass through in a wide frequency range. The shape of thc 
amplitude--frequency spectrum at the output end of the filter is distort- 
ed, which is one of the reasons for the Aistortion of the signal (e.g., 
Fig. 4.6d). The problem of filtration in the given case is, however, 
the best discrimination of this signal on the noise background rather 
than an exact reproduction of the signal shape. 

Taking the argument of both sides of Eq. (10) we obtain 

arg Kons (f)=— arg g({) ~ 2nft,. (12) 

Equation (12) shows that the argument of the frequency characteris- 
tic of the optimum filter is the sum of the argument of the expected 
signal spectrum, taken with the reverse sign, and the argument of the 
delay -2nft,. Such a choise of the phase~frequency characteristic is, 
ooviously, very valuable from the viewpoint of guaranteeing an optimum 
filtration effect. 

In order to convince ourselves of this fact, we shall express the 
signal component of the voltage at the output end of the filter in 
terms of the corresponding frequency characteristics. If a useful sig- 
nal u(t — t,) enters the input end of the filter, and the spectral 
density of the function u(t) is equal to g(f), the spectral density of 
the signal u(t — t,) will be ge(f)je Jom te | according to the delay the_ 
orem. The corresponding spectral density at the output end oF the 1il- 


ter is equal to 


Konz (fg (fy) 
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and the voltage of the useful signal at the output end of the filter at 


an arbitrary instant of time t will be 


“ : 
Wo (t)= j Kone (f) g (fp eae lap, (13) 
- + 
according to the superposition principle. 


Substituting here instead of K f) its expression (10) we obtain 


opt | 
the relation 


mQ=C Flginire™! ap, Qt) 


which is the spectral analog of the preceding expression [(3) §4.4]. 





Using the Euler formula and the oddness of the function sin[2mf(% - t, 


- to) I, we find finally, 
us ; i 
w.(f)=C fley cos [2xf (¢—t,—#,)] df. 
It is evident from the expression obtained that the voltage at i 
the output end of the filter, which is a superposition of harmonic com- i 
% 
ponents of different frequencies, is determined by the amplitude-fre- $ 


quency spectrum of the signal. It does not depend on the phase-frequ- 
ency spectrum since the latter is compensated by the phase-frequency 
characteristic of the filter. Consequently, all harmonic components 

simultaneously attain the amplitude values at the instant of time t = 


=t,+ tos and these values are superposed on each other (Fig. 4.7). At 
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this instant of time tne voltage maximum of the useful signal at the out- 


put end of the filter 
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Wo wane = Wo (ts -}-f,) =C fi |e (fl df. 








occurs. 


By virtue of Parseval's theorem 
oo eo 
Sle(Drar= fede, 
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i.e., this maximum is determined by the value of the energy of the use- 
ful signal 


We wane = CF. 
It is easy to understand the results of deviations from an optimum 
phase-frequency characteristic. If the latter does not compensate the 
phase shifts, the maxima of the harmonic components (Fig- 4.7) will 


move apart, and the peak of the total oscillation of the useful signal 
will begin to fade away. This fact aggravates the conditions of dis- 


’ criminating the signal on the noise background. 





Fig. 4.7. Superposition of the maxima of the useful signal's harmonic 


components at the output end of the filter in the case of an optimum 
phase-frequency characteristic. 


§4.6. APPLICATION OF THE METHOD OF ENVELOPES IN THE ANALYSIS OF THE 
OPTIMUM FILTRATION PROCESS 


In the case of high-freauency oscillations with slowly varying am- 
plitude and initial phase the relations used for calculation may be 
simplified considerably oy using the so-called method of envelopes. 

We shall represent the oscillations at the input end of the filter 
in complex form 

Y(Q=Y (t) cos lat + ey (= Rel¥ (He. (1) 
Yt) is here the envelope of the amplitudes, and Yt) is the complex 
amplitude (complex envelope) including the initial phase 
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V)=Y Weta, (2) 
In an analogous way, the complex amplitudes X(t), U(t), V(t), W(t) may 


be introduced. 
All relations for the complex amplitude: follow from the corres~ 
ponding relations for the instantaneous values y(t), x(t), u(t), v(t), 


w(t), as can be shown by several examples. 


ee He ee 


| As the first example, we shall consider the expression for an ex- 
pected signal arriving with some delay: 
x(j=u(t—t,) 
or 
X(t} = X (1) cos [at + ps (t)] =U (t — t) cos [w, (¢ — ty) ++ 
+eu(¢—4,)]. 





Introducing complex amplitudes we obtain 
Re [X (t)e/] = Re [U(t — t,) eo !*"2e!*), 


Since this equation is correct for arbitrary values of the complex 


a 
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zeit 


quantity eJ% oF also the complex factors with ed®ot are equal to one 


3 another, i.e., 


SOT LG a 


= 
oR ahpeareut at 


| X(t)=U(t—t,) es. (3) 


We pass to the corresponding expression for the pulse-response 


if 


characteristic of the optimum filter 


<tr ay 


Side pyran arcsmememaen age rag” 
Pt net ote alle te aces 


Von ()==Cu (t, —?t). 


Introducing complex amplitudes we obtain 


Re [Vonr ()e™]=Re[CU(t,— te"), (4) 
It is still inconvenient to use this expression to compare the 
| . complex amplitudes since the factor ed@t enters the left-hand side of 
Eq. (4), whereas the factor e7I%" enters the right-hand side. We shall, 
! therefore, replace the complex expression the right-hand side of Eq. 


(4) by its complex conjugate value: in this case the real part will 





not change and the equation 
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Re [Vons (t)e] = Re [CU (t, — t) eel], 
remains correct. 
The obtained relation holds for arbitrary values of ed®%e, Con- 
sequently, 
Vous (t)=CU"(t,— 1) e-™, (5) 
Expression (5) establishes the connection between the complex 


amplitudes of the pulse-response characteristic and the expected sig- 


nal. i 

We shall now consider the connection of the complex amplitudes at 
the input and output ends of the optimum filter. As before, we shall 
choose the corresponding expression for the instantaneous values [ (4) 


§4.3], to be the basis. Introducing complex amplitudes into it, we ob- 





S tain 
; co 
a Re[W (t)e!*} = 5 Re[V (¢—s)e™"—"| Re [vise] ds. (6) 
—OO 
2 In order to transform (6) we use an auxiliary relation that is 
Ma 
a well-known from the theory of complex numbers, * , 
[ 


ReaRe o=Re[ + |. (7) 


Besides, we shall take account of the fact that the real part of the 





ee sum is equal to the sum of the real parts and that this relation remains 


‘ correct if we go over from sums to integrals. The right-hand side of 
4 : 


expression (6) may then be rewritten in the form 


Re[ fabs favs]. 


a=—V (¢ —s) elelt—s) 


b= Y(s)e™. : 





As a result of transforming (6) we obtain 





| 
i where 
5 
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Wi=-- (V¢—5) Yis)ds, (9) 


Oo 
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we 


W, (= fv (fs) ¥°(s) 07 'ds, (10) 
“co 

It follows from relation (8) that the expression for the complex 
voltage amplitude at the output end of the filer may be written in the 
form 

WO=W.O+W.0, (12) 

where the quantities W,(t) and W(t) are determined in terms of the 
complex input voltage amplitude by Eqs. (9) and (10). 

In the case of a sufficiently high carrier frequency (cempared to 
the spectral width of the signal) the complex amplitudes vary slowly 

3 - whereas the factor e797" in expression (10) oscillates rapidly, com- 

pared to them. Consequently, on integrating expression (10) we obtain a 


negligibly small value of the second term in (11) compared to the first 


- 


one, i.e., oa 


WO=W, = S V(t—s) ¥(s)ds. (12) 


—c, 


Formula (12) is a very convenient calculational aid for analyzing 
linear electric filters. 
In particular, we obtain for an optimum filter by virtue of rela- 


tion (5) 





Wons (ty Ce“ [ U'(t,—t-+-5) ¥ (5) ds, (13) 


If a useful signal without any interference Y\t) = X(t) [relation 


(3)] acts on the input end of the optimum filter 
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Wet) Celt th) j U'(t,—t +s) U(s—t,) ds. 


The envelope of the useful voltage at the output end of the filter 


can be found as the modulus of the corresponding comp Lex amplitude 


Mal=|Woldl mz C| | Ore—tpta Ute faa (14) 

It is characteristic that factors oscillating with high frequency 
do not enter relation (14), for which reason the calculation of the 
envelope is simpler than that with the help of the formula for the in- 
stantaneous values [(4) §4.3.]. 

By way of example, let us calculate the result cof the action of 
a radio pulse with constant instantaneous frequency on the optimum fil- 
ter. We assume the shape of the envelope to be similar to a rectangu- 
nur one, supposing the duration of the fronts to be small compared to 
the pulse duration Ts (but great compared to the oscillation period}. 
For numerous calculations we shall restrict ourselves to the rectangu- 
lar approximation, on the assumption that the function 


u(t —t,) = cose, (t= t,) = Re[el*—H, 


ift, <t<t, + T, and that this functicn is equal to zero for all 
other t. Hence it follows that its complex amplitude 
eae EC ae rem (25) 

In the given case, tne complex amplitude is described by the :sval 
function U(t — t,) = U(t — t,). In this case, also each factor in the 
expression under the integral sign of relation (14) will be real: 

O* (s—t-p-7,) =U (s—é-+i), 
OU(s—t,)=U(s —4,). 
The diagrams of these factors and their product: ** functien: of the 


' 


integration variable s are shown in Pig. ©..4, b, ce, , ‘*ith corres- | 
— : 


pond to the following four cases: 
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Fig. 4.8. Typical calculation of voltage envelope at optimun-filter 
output. 





a t—t+ttgSts rig. 4.80), 
b t, St— tt te Ste te (Fig. 4.8b) - 
C ht —t, Stytety (Fin. 4.-8¢). 


(Fig. 4.8d). 
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whet 


It is easy to see that for the cases a and d the integral (14) is 
equal to zero since the expression under the integral sign vanishes i- 


dentically. 


wen TH 
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For the cases b and c we find, respectively: 


t—ttt, 


Woll)=-4-C J ds== 5 C [t+ (—t,—h)h 


> = 
awh se, 


¥ 


4. 
~Hst1) 450, 
fgtte 
Woll)=-z C 2A Cage: —ts)}. 
tt 
O<(t—t,)—t,<ty. 
or else, i 
= Clu —lt—t)—tsl, if [(¢—t)—ts{<ta 
ra={! Iu — [ttf if [(C—4) ere f 
0, if |((—tj—t|> te . 


Figure 4.9a and b show diagiams of the envelope of the useful sig- 


nal voltages at the input and output ends of the filter as functions of | 
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time. Analogous diagrams of the instantaneous values of the same volta- 
ges are drawn in Fig. 4.9c and d. The maximum of the output voltage 
envelope corresponds to the instant of time t, + to The filter reali- 
zability condition 4, > tT, corresponds to the fact that the voltage peak 


at the output end of the optimum filter cannot be obtained before the 





pulse has come to an end. In the opposite case, it would be quite .sm- 


possible to make use of all its energy. 





Fig. 4.9. Diagrams showing the envelopes and instantaneous values of a 
useful signal at the input and output ends of an optimum filter for a 
rectangular radio pulse with constant carrier frequency. 


§4.7. RECEIVER WITH OPTIMUM FILTER IN THE CASE OF RANDOM INITIAL PHASE 
OF THE SIGNAL 


We may approach the problem of designing a receiver with optimum 
filter in the case of random initial phase of the signal from two points 
of view. 

It is, e.g., possible to analyze the behavior of the voltage at the 
output end of the filter if the initial phase is random and hence to 
provide for the corresponding modifications in optimum processing. 


More rigorous will, however, be tne synthesis of a p1 cessing 
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device with optimum filter immediately from the probability ratio for a 
signal with random initial phase or with random amplitude and initial 
phase. We shall, therefore, begin with the analysis of the probability 
ratio. 

It follows from expressions [(2) and (3) §4.2] that the probabi- 
lity ratios are monotonic functions of the quantity Z = os + 25 for 
these cass. It was just this fact which was chosen to be the basis of 
designing a correlation reception circuit with two quadrature channels. 
When using an optimum filter it is not necessary to have a circuit with_ 
two quadrature channels. We shali confirm this by appropriate mathema- 


tical calculations. 


From Eqs. [(7) $4.2] we obtain 
2X, ()=Re [X(t e!™] =Re [X° (te), 6, () = — Im [X (te ] = Im [Xe 
where X(t) = X(t) eIPx(*), Hence by virtue of [(6) §4.2] 


2,=Re| j VOX eat), 
z,=im[ { y ()X*(ye™a |: 


Let us remember that for any complex number a = Re a + jim a the 


equation 

VRea)-F (maya). 
is valid. 
Gonsequently, 





zo FFA=| Jrormemal, (2) 


Using the cbvious equation 


1 ~ 
+aroer™, 
we rewrite the expression under the integral sign (1) as the sum of two 


OO. 
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SKOXOLELOXO™, 
the second of which is rapidly oscillating with the high frequency 20. 
Neglecting its integral we obtain 








Z=/+ frqxwa (3) 
or, owing to Eq.[(3) $4.6] 
2(()= 4. frove —t,) es dt|. (4) 








Putting the constant factor eI%t in ?ront of the integral sign 
and realizing that its modulus is equal to unity we obtain 
Z(t,)= . 
2) e (5) 


Let us compare the obtained expression with expression [(13) §4.6] 





¥ [Yu ~—t)ds 





for the voltage at the output end of the optimum filter as calculated 
for a given signal u(t) with arbitrarily chosen initial phase. We sub- 
stitute into [(13) §4.6] the value of t = t3 + tg corresponding to rea- 
ding off the amplitude peak of the useful signal at the output end of 


the filter. Passing over to the modulus and taking into account that 








le*“\=i, we obtain 
\Worr(fs-+4)[=+-C j Y(s) U'(s —#,)ds (6) 
or 
Wour (s+ 4)=CZ(t,) * (7) 


Thus, the voltage amplitude at the output end of the optimum fil- 
ter at the instant t. + to represents, except for a factor, the quanti- 
ty Z(t,), which also has to be compared with the threshold for each 
trial delay time. Thus, in order to obtain the quantity 7(t.), it is 
Sufficient to have only one channel. In order to go over from the in- 
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stantaneous voltage values at the output end of the filter to the amp- 
litude values an envelope detector must be set up. In other words, an 
optimum receiver must contain a detector, besides the filter. 

We may come to the same conclusion by directly analyzing the vol- 
tage at the output end of the optimum filter in the case of a random | 
initial phase of the signal, which was remarked at the beginning of the 


section. The phase of the input voltage is also random in this case. In- 


formation on the presence of a signal is, therefore, only yielded by the 
envelope, which may be obtained by amplitude detection. 





The voltage after the detector must be compared with the threshold i 
whose level is chosen by taking account of the transmission factor C of 
the filter. One channel of optimum processing (Fig. 4.10) permits targ- 
ets differing by the delay time to be detected. 

The significance of the results obtained is sufficiently general. 
The processing system consisting of the optimum filter and the amplitu- 
de detector may be used, as will be shown in the following, as an element 
of the system of optimum delay time measurement for the type of signal 
under consideration. Besides, the conclusions obtained for signals with 


random initial phase may also be applied to more complex signal models. 


- {\ 
(itn mannone |wit) femernip wit) 
@uamp - jeeubanumed |Knopecobemy uu Cc 
MepUCAONOMY 


yompeicomty 





SRT IIT 5 


oie. 
eens sacar! 


Fig. 4.10. Principle of designing a single-channel receiver with opti- 
mum filter for a signal with random initial phase. A) Optimum filter; 
B) envelope detector; C) toward the threshold and measuring device. 
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§4.8. CORRELATION-FILTRATION RECEPTION 

Considering various versions of optimum processing we satisfied 
ourselves of the fact that in each of them we encountered on the calcu- 
lation of the correlation integral 
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z= f xy(at. (1) 
—w 

In §4.2 the computation of this integral by means of direct multi-. 
plication and integration with the help of a correlator was considered: 
In §4. 3-4.7 we intended to obtain this integral as the voltage at a 
certain instant of time at the output end of a linear optimum filter. 

A combined method of calculating this integral is also possible, 
in which both multiplication of the voltages and filtration of the os- 
cillation obtained in doing so are used. We will call a receiver desig- 
ned according to this principle a correlation-filtration receiver. 

Let us assume that the expected oscillation x(t) can be represen- 
ted as the product of two furctions 

x (=x, (4, (t. (2) 

Figure 4.11 shows that the computation of the correlation integ- 
ral (1) is carriec out in two stages. First, the received oscillation 
y(t) is immediately multiplied by x, (t). The received oscillation 

nO=1Ox4¢ (3) 
is fed to the filter which is optimum for the oscillation x,(t). At a 


certain instant of time the correlation integral 


fuloalodt= Fy @a(dt. (4) 


is formed at the output end of the filter. 


By virtue of relation (2) this integral coincides with the given 
correlation integral (1). 
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Fig. 4.11. Structural diagram of the 
simplest correlation-filtration re- 
ceiver. A) Multiplier; B) optimum 
filter for X_(t). 
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Figure 4.12 shows a coherent sequence of rectangular radio pulses 
x(t) as an example illustrating the representation of a real signal by 
means of relation (2). It is represented as the product of two func- 
tions - the function x, (t), which corresponds to a sequence of video 
pulses, and the function X5(t) corresponding to a single radio pulse 


of long duration. 
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Fig. 4.12 Representation of a coherent 
sequence of pulces as a product of two 
functions. 


The multiplication of an arbitrary function y(t) by x,(t) (Fig. 
4,12a) is equivalent to a gating of the oscillation y(t) by means of 
rectangular, selecting video pulses x,(t). In its turn, designing a 
filter for a single radio pulse x,(t) (Fig. 4.12b) is a simpler prob- 
lem than designing it for a series of pulses (Fig. 4.12c). 

The simplest approximation to an optimum filter for a radio pulse 
of long duration x,(t) is a narrow-band circuit whose band is inverse- 
ly proportional to the duration of the pulse. 

We must, however, mention that the reduction of the demands made 
on the filter is achieved on acccunt of a limitation of the possibili- 
ties of using the circuit. Optimum work of the circuit is only possible 
if the gated pulses coincide with the pulses subject to processing. In 
the opposite case transition to multichannel circuits is necessary as 
shown in Fig. 4. 3. 
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For the example under consideration the receiver (Fig. 4.11), 
thus, proves to be a device with gating of the pulses to be processed 
and their coherent storage in the narrow-band syster. on the high fre- 
quency applied. 

Let us consider another important but, compared to the preceding 
one, modified case of correlation-filtration reception which leads to 
optimum processing making use of filtering systems on an intermediate 
frequency. Let 

%()=X (t) cos [ot -+ 92 ()], 
where 
X(N=X,X0, w=eaton 
92 (= 9, (4) +% (2). 

af the functions x,(t) = X, (t)cos[@,t + 9,(t)] and x,(t) = X(t) 

cos[ Wt + %5(t)] are introduced, their product yields x(t) up to a 


difference frequency term ®) — ® and an unimportant factor 1/2: 


¥1(0 2 => Xi) X,(0 cos ast + 95 (0-4 
AZ XX. cos[(e, — 0) !-+9,00—9. 0) 

Let the sum and the difference frequency terms have nonoverlapping 
spectra, and the frequency interval O — Aw/2 < w< ® + »w/2 complete- 
ly cover all components of the spectrum of the sum frequency Oy. 

In this case, the oscillation x(t) can be formed by filtering the 
product x,(t)x,(t) with the help of a filter which does not distort in 
the Aw band and suppresses the oscillations outside this band. 

Let us denote the pulse-response characteristic of such a filter 
by vp(t) = 2xa(t - te), where tp, characterizes the delay time in the 
filter. The expression for x(t) can then be represented by a convolu- 


tion integral 


xi)=2 f x65) (6) ty — 5) ds. se 
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Eq. (5) isa generalization of Eq. (2) and goes over into (2) for 
X3(t) = 6(t) and tp = 0. 
If x(t) is represented by Eq. (5), the calculation of the correla- 


{ tion integral reduces to the operation 
z= J u([2 ( x(s)-14(s)-4¢—ty —5) ds |dt. 
—o oe . 


On interchanging the order of integration this operation may be 


replaced by the following operations: 


1) we calculate 
eo 
w(s)=2 [ y)x,(—ty—s)dls 
5 ~0o 
2) we calculate 
¥2(s) = y, (s) x, (s); 
3) we calculate 
eo 
: z= fi (s)x,(s)ds. 
C ~-@ 
The first operation may be carried out with the help of a filter, 
the second one by multiplying by x4 (8) and the third one by means of 
a filter, as well. 
In particular, if we put , = a 1, = DY — oo X(t) = X(t), 
Po(t) = 9, (t), X(t) = 1, 9 (t) = 0, the indicated operations will re- 
duce to the following ones; 
1) preselection of the high-frequency oscillation spectrum be- 
| 


fore heterodyning. 
2) heterodyning with the help of a heterodyne whose frequency is 
@, = wy — oe and whose amplitude and phase are hat! modulated 
3) optimum filtration of the signal on an intermediate frequency. 


Thus, the given case corresponds the ordinary supecheterodyne re- 
ception method. 


Tf we put ® = a, @ = Wy — 1, y(t) = X(t), o(t) = o,(t), 
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X,(t) = 1 (in a section greater than the signal duration) Po(t) = 0, 
the processing operations will reduce to the following ones: 

1) preselection before heterodyning. 

2) heterodyning with the help of a heterodyne whose law of modula- 
tion corresponds to the riodulation law of the signal,* and whose carrier 


frequency is ®, = ®) - Oe 


3) optimum storage on an intermediate fre uency 


pr with the help 


of a narrow-band circuit. 

If we put ®, = Or B= %M- OO, Xp(t) = X(t), p(t) = 0, X(t) = 
= 1, 9,(t) = 9,(t), this implies that the heterodyne voltage on the 
carrier frequency 


= ® — ©, must take account of the phase modula- 


1 r 
tion law of :the signal, and characteristic of the optimum filter on 
the intermediate frequency must allow for the amplitude modulation law 
of the signal. 

In the latter two cases we are concerned with modified operations 
of superheterodyne reception differing by the distribution of the func- 
tions between correlation and’ filtration processing. It is easy to rea- 


lize that very many variants of this distribution are possible. 


84.9, RECEIVER WITH OPTIMUM FILTER FOR A PACKET OF RADIO PULSES WITH 
RANDOM INDEPENDENT INITIAL PHASES 


Let us pass on to the synthesis of optimum receivers for a signal 
in, the form of a radio pulse packet with random initial phases. We 
shall choose the expressions for the probability ratios (§3.5, 3.6) to 
be the starting point: 


a) in the case of a nonfluctuating packet 
’ . 3 
toes a 22n\, 1 
=]Te 1 (Fh): (1) 
k 9 ‘ 


b) in the case of independent fluctuations of the pulse packet 


- 116 - 





Sn if 


. « 
i ~~ ond ee IS aa: 7 Srey U Sees = - att cee , 2 See ee 4 





- 112 a OE 8 Mn Mindi on toesstangiey rriaroaa 6 2 appa ng se Ze 


2 


‘=[atmens +e. (2) 
We shall not consider the case a friendly fluctuations. Taking the 


logarithm of these expressions we obtain of 


j 22 3 : 
aie) ays a (3) 
inl=y- atm amt natty, aN (4) 


be 
In doing so, the operations a multiplication are replaced by the sim- 


pler operations of addition. 

It is essential that the logarithmic functions is monotonic. Con- 
sequently, instead of calculating the probability ration £ and compar- 
ing it with the threshold 4y it suffices to calculate the quantity ln 2 
and to compare it with its threshold ln Los which simplifies the real- 
ization of optimum detection devices. When realizing optimum detection 

devices it is possible to start from the obvious relation £2 = elnt 

- 3 Substituting 1n £ into it from relation (3) or (4) the values of 4 
a needed to calculate the aposteriori probability density of the parame- 


ters to be measured may be obtained. 


ET 


Thus, we may assume th in detection and measuring syscems, the 


ge 


cascades of an optimum receiver, except for the terminal ones, must 


carry out the mathematical operations; 


Dien) ) 


in the processing of a nonfluctuating packet and 


7 Ant Ne 


i ain (6) 


1 in the processing of a packet with independent pulse fluctuations. 
4 % 
7 = In both cases, the initial stage of processing is the calculation & 
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of the quantities Z, for each pulse separately 


Jaw 





+ [roxoal (7) 


where X,(t) = x (6)eI%(*) is a given functic. spending on the time 
‘position of the kth pulse, its amplitude and its law of modulation (it 
does not depend on che vendon unneasurable parameters B,. and Bes see 
§3.5, 3.6). 

Let us introduce ‘amplitude factors 5. characterizin, the shape of 
an undistorted packet. For the greatest pulse of the undistorted packet 
S = 1. Denoting the kth pulsing moment by t,» and its delay time by 
t, we represent the function X,(t) in the form 

Xn (Q=SyO (t — ty —tyy) et ew), (8) 
In this case, 
Z,=SiZas . (9) 


where for any pulse number 


Za 





+ ¥ (t) U°(t—th—tya) dt. (10) 


This implies that all quantities ZoK may be obtained with the help of 
the circuit diagram considered earlier (Fig. 4.10) for a signal with 
random initial phase. This circuit consists of an optimum filter, in- 
tended to process the pulse U(t), and the envelope detector. In order 
to obtain the quantities x, efter the detector it is necessary to add 
a circuit introducing weight factors Sie 

Thus, a weighted packet of video pulses is' obtained as the result 
of the first stage of processing an incoherent packet of radio pulses. 

For a nonfluctuating packet the following processing reduces to 
the calculation of the values of in}, (ye) and their summation. The 
result of summation does not depend on the initial phases of the high- 
frequency oscillations since video pulses are summed. Such a summation 
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is called incoherent. The v.hole diagram of optimum processing is shown 
in Fig. 4.13. It consists of an optimum filter for the single radio 
pulse, a linear detector, the circuit of multiplication by the factors 
of the packet envelope S.. a nonlinear element with a characteristic 

of the form InI,(u) and an inconsrent summation and storing device re- 
alizing the actions of combining video pulses which do not act at the 
same time and of summing them. Judging by its outside this diagram re- 
minds somewnat of a correlation-filtration diagram. It differs,’ however, 
from it insofar as the multiplication by Sy. is carried out after the 
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detector. * 
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Fig. 4.13. Structural diagram of optimum pro- f 
cessing of a packet of radio pulses with ran- { 
dom initial phases. A) Optimum filter for 
Wt); B) linear detector; C) multiplier cir- 
cuit; D) nonlinear element; E) summation and 
° storing device. 






For the limiting cases of weak and strong signals the diagram in 





Fig. 4.13 may be simplified in an essential way. In fact, for small 





values of the argument u = 28,2Z,/N,, the function 1nI,(u) is well ap- 





proximated by the first term of its power series expansion in u 





In/,(u)=-t-w', w <i, (11) 





Roy i.e., it has a parabolic initial part. For great values of the argu- 






ment its asympotic representation can be usea 


In/,(u)~u, u>1, (12) 





which corresponds to the linear region in its diagram (Fig. 4.14). 







This implies that for a packet of pulses whose amplitudes are 
- 119: 
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Thus, the summation of logarithms is replaced by the summation of 
linear: or gnadratic functions of the quantity Zo The incoherent sun- 
mation proves to be weighted. The weight coefficients are quantitites 
proportional to the square or first power of the expected value of the 
pulse amplitude Sic respectively. This summation, as well as the for- 
mation of the correlation integral may be realized with the help of a 
special filter. 

In this connection, the schematic dia- 
gram of Fig. 4.15 shows the optimum filter 
of post-detector processing (its possible 
realizations as well as the realizations of 


pre-detector filters will be considered in 





Chapter 5). In the diagram of Fig. 4.15 a 


ig. 4.14. Diagram of 


the function InTy(u). linear detection is provided in order to 


realize precessing in accordance with rela- 
tion (14). ff the processing (13) is needed the detector is replaced 
by a quadratic one. In this case, also the necessary pulse response 
characteristic of the post-detector processing filter is changed. 
Iet us pass on to the construction of a circvit for optimum pro- 
cessing of a packet with independent fluctuations of the pulse ampli- 
tudes. By virtue of Eqs. (6) and (9) this circuit must realize the 


mathematical operation 
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where 93,=29,/S, is the mean energy cf the greatest pulse of the undis- 
‘ 


torted packet. As in the preceding case (15), the matnematical. operation 


reduces to the weighted summation of squares of the quantities Joie 


Consequently, vhe circuit diagram of Fig. 4.15 in which the linear de- 
tector is replaced by a quadratic one is adequate also in the given 
case. But in contrast to the case (13) the quadratic detection is op- 


timum also for strong and for weak signals, and the weight factors are 


& 


. proportional to __ . For a pulse packet with rectangular env- 
SE+NI3o 


elope the weighted summation is equivalent to a nonweighted one since 





all weight coefficients are equal to each other. 
Thus, the considered circuits solve the problem of optimum pro- 


eccsing of signals in the form of packets of pulses with random initi- 





al phases without fluctuations and with independent fluctuations from 
pulse to pulse. In order to guarantee optimum detection on the basis 
. of these circuits it is sufficient to set up the last element in the 
form o- a threshold circuit. To realize the optimum measurement of a 
parameter also an appropriate last element is necessary. An example of 
designing such an element for measuling the delay time uy = const is 


given in the following section. 
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| Fig. 4.15. Simplified circuit diagram of ee 

optimum processing of an incoherent pack- i 

? et of great-amplitude radio pulses. A) Op- 

timum filter for U(t); B) linear detector; 

C) post-detector processing filter. 
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§4.10 OFTIMUM MEASUREMENT OF DELAY TIME 

The expression for the a-posteriori probability density ($2.7) 
Pitely =Kya(t)/fy (OI) .(1) 
is represented in the form , 


Pitaly =X, a(tje ea; (2) 


For a packet of radio pulses with independent initial phases the 
logarithm of the probability ratio will be 


Int(t,)= aes Dn 
. x M Ne (3) 


The quantity Zox(t3) is here determined from the value of the vol- 

tage envelope at the output end of the optimum filter * 
W (teblvtt)=CZ y(t), (4) 

yhere ty is the instant at which the corresponding sounding pulse is 
given. - 7 

Taking account of the results of the preceding section we obtain 
the circuit suitable to determine the a-posteriori probability density 
of the delay time (Fig. 4.15) with the addition of a terminal device 
(Fig. 4.16). 1 





Fig. 4.16. Circuit diagram of a terminal device for obtaining the most 
probable a-posteriori estimate. A) Nonlinear element; B) Circuit in- 
troducing a-priori data; C) device ape working out the estimate. 


This device contains: 
1) a nonlinear element with exponential characteristic. 


2) a circuit introducing a-priori data. At the output end of the 


' latter the a-posteriori probability density p[tz|y(t)] is obtained ex- 
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cept for a factor. 

The circuit introducing a-priori data is an element realizing the 
multiplication of the probability ratio and the a-priori probability 
density as functions of a possible value of the measurable parameter 
delay time a = t,. In particular, if the distribution of the distance 
from the target is equally probable in some interval interval ry <rc< 
< Po, an ordinary gate amplifier which is turned on for an interval of 


delay time values o7 ta <tzg< trope 


tse. 
may serve as the circuit introducing a~priori data. 

The satinate of the measurable parameter may be carried out from 
the curve of the a-posteriori distribution of this parameter in ac- 
cordance with the criterion of the mean risk minimum. In analogy to 
the case of one-dimensional measurement the center of gravity of the a- 


posteriori distribution curve 1 


char = Malev = J aplalatiids ‘ 


“proves to be the optimum estimate, or, by virtue of [(16) and (17) 


§2.7] 
{ =P(e)ttAO|e]e0 * 





[Petty (oie) de (5) 


~—o 


As was already shown before, frequently the most probable estimate, i.e. 


an estimate a* = tF such that 
ay Pilly (=0 fory=f, . (6) 


is chosen to be the optimum estimate. This estimate corresponds to the 
maximum of the a-posteriori distribution curve of the parameter t,. The 


device for workirig out this estimate is also the output stage of the 
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circuit in Fig. 4.16. 
In these cases where the a-priori probability distribution in the 
interval of measurable values of the delay time tr < t, < tro may be 
assumed constant the optimum measurement circuit is simplified consi- 
derably. By virtue of (2) and (2) one of the following two conditions 
is sufficient to fulfili oy. (6) 


eo 


Fe WOls1=9 fort=t, (7) 
Fr inl ly()14]=0 for L=F 8) 


Using Eqs. [(3)-(6) $4.9] we conclude that in this case the most 
probable estimate corresponds to the voltage maximum at the output of 
the summation circuit (Fig. 4.13 or 4.15). Otherwise, the structural 
diagram of the device (Fig. 4.16) for working out the estimate can be 
replaced by a simpler one (Fig. 4.17). 






Yempoucmte 
bomadomau 
ouennu 


A 
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Fig. 4.17. Modification of the circuit of Fig. 4.16 for a rectangular 
law of a-priori. distribution in the case of delay time measurement. 
* Gate amplifier; B) device for working out the estimate; C) gate; 

D)} at. 


i 
Since the values of the functions Zo, (tz ) are working out for va- 


rsous expected t, in chrerological succ3ssion they may be estimated by 
means of the voltage envelope of the individual pulses at the output 
of the optimum filter, The same successive intluw of data usually takes ls 


place also after an incoherent summation circuit. Consequently, the 


aifferentiation (8) practically boils dewn to the determination of the 
instant of time at which the maximum of the strongest voltage pulse ar-_ 


rives at the output of the inchoherent summation circuit. 
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from the noise after the detector one may do without an incoherent sumn- 
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If each individual pulse of the packe’ is remarkably discriminated 


mation circuit when working out the optimum estimate te. In doing so, 
the necessary accuracy of measurement can be secured by taking the mean 
of the delay time estimates obtained independently from each pulse of 
the chosen packet, a fact that follows from Eq. (8). Using [/3) and (14) 
§4.9] we obtain 

x SZon(to)=0 mpi t,2=f° const. (9) 


ak 
ln its turn, when estimating the delay time of only the kth pulse 


ef the packet we have 

H-Zonlts)=0 npe =, (10) 
where te. is the optimum estimate of the delay time ty obtained after 
receiving only the kth pulse, 


Expanding each of the functions Zon ( ,) in a Taylor series in the 


neighborhood of the corresponding estimate t* 


zy we obtain by virtue of 


Eq. (10) 
Zon (te) = Zonl,) ba Zn Hy Mo— ee, (11) 
where 


Zen (, = — Ize, C I 


Substituting (11) into (9) we find 
“yy 0 7,0 e e 
BIZ CMG 8 I=, 


whence 


SY aSalZen edt” 
o 2 


(= (12) 
Si SalZee Coal 
. &- 


i.e., the optimum estimate of the delay time measured once for the 


whole packet is the weighted sum ot the results of independent measure- 
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ments for the individual pulses. The weight coefficients are quantities 
that are the reciprocals of the disper ions ‘of the independent measure- 
ments, a fact one may realize after studying Chapter 6. 

The following modification of the calculation carried out which 
is particularly. interesting in case one object is observed for a long 
time while tracking it is possibile. Aiming merely at the explanation of 
the ideas and results of the modified calculation we maintain the as- 
sumption that the true delay time is the same as measured from (m - 1) 
and from m pulses (a somewhat more complete consideration is contained 
in Chapter 8). 


We denote the sum entering (9) for m— 1 pulses by 


mt 
D S125 a(t) = Zs imniflsds (23) 


and the optimum delay time estimates from all (m — 1) and m pulses by 
* - .* x 
5 (m1) anda Co respectively (in contrast to the estimate Com from 
the mth pulse only). 
The conditions for detexmining these optimum estimates will then 


assume the form, owing to (9) and (13), 


d ° 
dt, 22 (m~i's) =9 for be =b ment? (14) 
d : e 
ai, 25 mints) + SmZ, w@)]=0 for4—f,.. (15) 


Using the Taylor expansion for the functions Zs(m-1) tz) and hi 5, eee PE 
(t,) for the neighborhoods of the corresponding optimum estimates we 
find 
Zs gamit) = Z5 mat iy) — 71 Zt) Cem iplX 
o 2 XK (to Bs mets (16) 
Zysilt) Zon llon) — Lom lon) (bo— ha) (17) 


On the agsumption that the corresponding neighborhoods overlap and 





‘ substituting (16), (17) into (15) we may obtain 
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(18) shows that the optimum delay time estimate from m pulses 


is the sum of the preceding estimate from(m— 1) pulses and the time sig- ‘4 
nal of the error (tom ~ ts(m-1))? multiplied by some weight factor Ant of 


~ sadtebeds, 


2 2 = % 2 
Differentiating (17) and substituting t, = tS (m-1)? the time sig-. 


nal of the error may be determined 
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Expression (18) then reduces to the form 


for t=tyy 


cape 


tem 





ae = fees AnZy lls (m—t))> ( 20 ) : 

where na 

. pS : | 
[2S emety (EE ety) | SfZo wd £0 we] ” (21) 4 

‘ The quantity Z,(t,) characterizes the voltage of the error signal. : 
Owing to (17) it vanishes at the point ts = ton and passing through oe. 


— 


wd 
(ome 


this point with increasing t, the sign changes from positive to negative. if 


If in the case of proionged observation the quantities An and an ‘ 
which vary from reading to reading are replaced by constants in (18) 4 
and (20) the operations (18), (20) wili reduce to the wellknown opera- ° | 
tions for the range self-tracking (see Chapter 8). The operation of ob- 4 


taining the voltage of the error signal in the form of the derivative 











Zantt,) corresponds to time discrimination with selecting pulses of 
short duration since only under this condition the derivative will be 
taken at the point Me as a result of the discrimination. 

The latter conclusion was obtained from the found calculaticnal 


relations as the consequence of the assumption on the small scatter of 
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the values of 5 (m-1) and a In the opposite case one usually ains 
at Jiacreasing the duration of the selecting pulses in order to reduce 
the probability of a tracking collapse. 
§4.11. THE PRINCIPLE OF BROAD-BAND RADIO PULSF COMPRESSION 

All preceding discussions were concerned with the optimum proces- 
sing of radio signals of arbitrary form. Let us now deal with the pro- 
perties of optimum processing of signals having the form of broad-band 
radio pulses, i.e., of radio pulses the product of whose spectral width 
the duration is essentially greater than unity. It is assumed that pro- 
cessing is realized by optimum filtration on a high or intermediate fre- 
quency. The pulse parameters are assumed to be given except for the am- 
plitude, the initial phase and the delay time which is the same during 
the whole duration of the pulse (a somewhat more general case will be 
considered in Chapter 7). 

As was shown in §4.5 the shape of the signal voltage at the out- 


put of the filter which is optimum for it 


we (N=C | |g (fp|*cos[2np (tt, —t,)] df (1) 


depends only on the amplitude-frequency spectrum of the signal. By de- 
finition, the spectral censity of an arbitrary real function of time 


u(t) is 
J 
a= JuQe™aae(—p). 
ge 
The amplitute-frequency spectrum is, therefore, symmetric relative to 


the axis cf ordinates f = 0, i.e., le"(-£)J=le(£)| and the expression 


(1) reduces to the form 
ws ()=ac] le (HP? cos [2xf (¢—t, —4,)]df. (2) 


We introduce the function G(f) describing the distribution of the 


spectral density around the carrier frequency on the semia is of positive 
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frequencies 
G)= ene f+ F20, 
‘ 0 for [,+-F<09. ; 
| After replacing the variable of integration f = fo + Fain (2) we M 
har find | A 
! « Hi 
| We =ae J 1G() |" cos [2x (f,+-F)(t—t, —t,)] dF. 
Using the formula for the cosine of a sum we obtain | 
We(t) = W(t) cos (Pxfo (t—ty—to) J— ‘ 
*  —We(#)sin (2xf5(t—ts—to) |, (3) U 
iw 
where ¥: 
Yee cos ‘ ig 
Wal =2C f 1G(P) Sin FLA] aP. (4) | 
—~ . tt 
Or j 
> 3 é. 
We (d) = W(t) cos[2mfo(t—ts—bo) + P(4)], (5) 
where 
VO=VWIO+WI4, GM) =arctg ZO (6) 


vA 
The expressions (6) describe the law of amplitude and phase mo- 


dulation of a radio pulse at the output of an optimum filter. 







As can be seen from expression (4-6) the function $(t) vanishes if 
the amplitude-frequency spectrum is symmetric relative to the carrier 
frequency fo and the output pulse 

We(t) W(t) cos (2nfo(t—ts—to)] (7) 
proves to be nomodulated as to the phase (even if the input pulse is 
phase modulated). The phase of the output pulse may also vary by 7 if 
the sign of the function W,(t) describing the envelope changes. 


{ 
| 
| 
| 
| 
| 
| 
Af is approximated by the rectangle 
# 





The envelope W(t) is the narrower the broader the amplitude-fre- 
quency spectrum of the signal. In particular, if e spectrum of the width 
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ifor Fist, 


G(F) = (8) 
Ofor|Fi>4L, 
we have, according to (4) 
W,)=W,, Hable tt) (9) 


msi (i—h—t) ’ 
where Wa = 2CAf. Hence it follows that the pulse duration at the out~ 
put of the optimum filter is 2/Af on the first zeros, and 1/Af on the 
level 2 = 0,64 . Thus, the duration of the output radio pulse is not 
determined by the duration of the input pulse, but by its spectral wid- 
th 
The spectral width of a radio pulse may, generally, be considerably 





greater than the quantity which is the inverse of its duration. Only if 






the pulse is not phase modulated the spectral width is inversely pro- 






portional to the duration of the radio pulse. 


Vsing internal pulse modulation as to phase (frequency) or even 
amplitude it is possible to broaden the spectrum remarkably compared to 








U/t, if the duration Ty is given, i.e., to achieve substantial compres- 


sion of the output radio pulse compared to the input radio pulse. 
Since the compression takes place in a linear system the superposi- 








tion principle is applicable. The compression of two overlapping broad- 






band radio pulses that are shifted in time is realized independently, 


for which reason it is possible to receive the compressed radio pulses 


separately even if the reflected radio pulses arriving at the input of 
the optimum filter overlap considerably. 


Hence it follows that using compression of broad-band radio pulses 










in optimum filters the resolving power as to delay time and range is 
determinec by the duration of the compressed rather than by that of the 






sounding signal and inversely proportional to its spectral width. 







Thus, an increase of the duration of the sounding radio pulses 
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without impairing (or even with considerable improvement of the resol- 
ving power of a pulse radar as to range is made possible. 


The increase of the duration permits the enesgy of the radio pul- 
! 


which is usually limited by the conditions of generating and break- 


| ses and the radar range to be increased without raising the peak power 
| downs in the transmission lines. 


The increase in the resolving power in the case of spectral broad- 






ening and optimum signal processing is a property of the latter and may 


be realized not only in case the pulses are compressed in optimum fil- 






ters. Let us, e.g., turn to a correlation circuit of optimum process- 






ing (Fig. 4.1 or 4.2). We shall feed a radio pulse with a spectral 






width of Af >> U/ts into its input. Evidently,there will not be any com- 






pression in this circuit. The correlation will, however, be disturbed 







providing this pulse is shifted relative to the reference voltage by 
a time |t| = 1/4f << t,. Hence it follows that among all overlapping 






identical broad-band radio pulses at the input of the correlation cir- 






cuit only the pulse for which this processing is optimum will be dis- 






criminated. 







Thus, the pulse compression in optimum filters must be considered 


to be one of the variants of raising the resolving power on account of 







spectral broadening. 
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Page [ Footnotes } 
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104 As a matter of fact, ab = (Re a+ j Im a) (Re b + Jj Im b), 
from which Re ab = Re a Re b — Im b. Similarly, Re ab* = Re 
a Re b* — Im a Im b* = Re a Re b + Im a Im b. The half of the 
sum of the given relations yields expression (7); 






110 The character of relation (7) is more general than that of 
(3) since it can be proved without neglecting the rapidly os- 
cillating terms in the expression under the integral sign. 







116 When heterodyning in the case of discrete signals the func- 
-~ 131 - 







shed Fa Ox? morte 

Peper xo ees 
ee AS 
WEES. oi, ae 


we at Soe 
“. oo ee . fy 
five XT a aye 


be Sa 


119 


Manu —_ 
script 


c< MaKc = 8 maks 





tions of gating are carried out at the same time. 


Multiplication is also possible before the detector; in 
this case it is, however, possible to join a linear detector 
and a nonlinear element. 


[Transliterated Symbols] 


dop = _ Opus Semny. = admissible 


kh 
° 
as | 

" 


3 =2Z.= napeiedyvaniye = delay 
ont = opt = optimal'nyy = optimum 


Q 
W 
tw 
ut 


signal = signal 


interference 


Sy 
Nn 


Pp pomekha 


signal, maksimal'nyy = signal, maximum 


u 


nm 39@ = p ef = pomekha, effektivnyy = interference, effective 
= 1 = impul's = pulse 
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@ =f = fil'ter = filter 
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THE ELEMENTS OF OPTIMUM DETECTION AND PARAMETER 


MEASURING DEVICES 
§5.1. THE ELEMENTS OF OPTIMUM DEVICES UNDER CONSIDERATION 
Among the elements of Optimum detection and measuring devices 
there are: optimum filvers, incoherent storing devices, threshold ue- 
vices, Signal delay and memory devices, etc. Specific selective ele- 
ments are, in particular, the optimum filters; we have established on-~ 
ly the general rules by which they are governed, but did not discuss i 
the principles of their construction, as yet. E 
In widespread types of radar receivers the main selectivity and - 
amplificaticn are guaranteed by resonance amplifiers of intermediate he 
2 frequency containing a great number of cascades. The problem arises as A 
to what extent these amplifiers can simultaneously perform the func- 
tions of optimum filters. Moreover, it must be clarified how te design 
optimum filters in case their functions are not performed by resonance 
amplifiers. 
Let us pass on to a consideration of the problens posed. 


§5.2. CONDITIONS UNDER WHICH MULTISTAGE RESONANCE AMPLIFIERS CAN BE 
APPLIED IN ORDER TO ACHIEVE OPTIMUM FILTRATION 
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approximation for the phase-frequency characteristic (Fig. 5.1a); 


The selective properties of resonance amplifiers are characterized : 
: by their amplitude-frequenc; and their phase frequency characteristics. an 
The main approximations of these characteristics are: Be, 
1) The bell-shaped for the amplitude-frequency, and the linear on 
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Fig. 5.1. Bell-shaped approximation of the amplitude-frequency and 
linear approximation of the phase-frequency characteristic (a); cor- 
responding pulse-response characteristic (b). 


2) The rectangular for the amplitude-frequency and the linear 
approximation for the phase-frequency characteristic (Fig. 5.2a). 
The corresponding frequency characteristics K(f) will be written . 
in complex form fcr the frequency range f > 0O. For the range f < 0 it 
is implied that 
K(f)=K"(—f. (1) 
In this case we obtain: for the bell-shaped approximation 


= (FP) Ufo 


K,(p=Ke . (2) 
and for the rectangular one 2 
Keni, se panic, ; 
K()= (3) 


0 ar U-bi>Z. 


Here fo is the carrier frequency; 


K, is the transmission factor on the carrier frequency; 


0 
to is the slope coefficient of the phase-frequency characteristic; 
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Af is the transmission band (for the bell-shaped characteristic 


on a level of e* 0,46) ‘ 
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Fig. 5.2. Rectangular approximation of the amplitude-frequency and lin- 


om 


ear approximation of the phase-frequency characteristic (a); corres- 
ponding pulse-response characteristic (b). 


The corresponding pulse-response characteristics are determined 


from the Fourier transformation 
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vg(t)= Vy aq 008 2h ts (6) 
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| Vo = 2K Af is here the maximum value of the piulse-response character- a 
: istic amplitude, and Tt) = 1/af is a quantity characterizing its dura- eo 
tion. The value of t) is measured on a level of . 046 for the first & 
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latter cese it is, besides, the half-width of the characteristic with 
respect ‘o the first zeroes). The pulse-response characteristics (5) 
and (6) are shown in Fig. 5.16 and 5.2b. It follows from these figures 
that the characteristics (5) and (6) can only be realized for suffi- 


ciently great (theoretically infinite) values of t. since otherwise 


6 
the condition v(t) = 0 for t < 0 is not satisfied. This fact is a draw- 
back of the chosen approximations. It is, however, in agreement with 
the fact that real systems satisfy well the approximations (2} or (3) 
» ith a great number of stages. The more stages the greater is the slope 
coefficient of the resulting phase-frequency characteristic of to» at 
the same time characterizing the deiay time in the amplifier. 
Using the expression for the optimum pulse seéeponse characteristic 
Pons (s) = Cu(t,— 5) (7) 
we shall pass over to the explanation of the shape of signals u(t) for 
which the considered approximations (2) and (3) of the frequency cha- 


racteristics are optimum. Substituting to —- s = t we obtain 
Wi)=Z Year (ts —2). (8) 
Thus, the sought signals are the mirror reflection of the corresponding 


pulse-response characteristics (Fig. 5.1b and 5.2b) 





fl 9 
u,(t)=U,e & cos (2ef,t — 9), (9) 
sink = ; 
u, (t) =U, —— cos (2x! — 9), (10) 
s 


where Uy = V/e and 9 = emf ty are arbitrary constants. 


As we see, an amplifier with a bell-shaped amplitude-frequency and 
a linear phase-frequency characteristic is an optimum filter for a beli- 


shaped adio pulse of the resonance frequency f, (without phase modu- 
lation). The pulse duration T> and the transmission band Af on the 


level o *=0,46 must satisfy the condition 
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2,4f=1. (121) 
In its turn, a band amplifier with a rectangular amplitude-fre- 
quency and a linear phase-frequency characteristic is an optimum filter 
for a radio pulse with an envelope of the form sin x/K. The pulse du- 


ration t) on the level 2/n = 0.64 is connected with the transmission 
band of the amplifier by relation (11). The shorter the pulse duration 
the broader the transmission band must be, and vice versa. 

In the general case, agrement of the pulse shape with the pulse- 
response characteristic of the filtering system is required. If there 
is no exact agreement, the system will not be an optimum filter, vrig- 
orously speaking. Its characteristics may, however, be similar to op- 
timum characteristics. Let us consider the following practically im- 
portant case in order to satisfy ourselves of this fact. 

Let the frequency characteristic of the resonance system be ap- 
proximated by expression (3), and the input pulse u(t) have a rectang- 
ular envelope and a constart carrier frequency £9: 

{ U,cos 2ef,f for |tq1<<e, 


Onl g 
. t 


(12) 
forlt[>F, 
j.e., there is no exact agreement between the pulse-response character- 
istic of the system and the input pulse u(t). 

Let us calculate the signal-to-noise energy ratio at the output of 
the system and compare it with the optimum. 

We shall represent the voltage at the output of the system in the 


form of a convolution integral 
wiij= J o(t—s)u(s)ds. 
AD 


Using expressions (6) and (12) 
an 1 3F 
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an 
X cos 2xf, (é—s) cos 2x/, sds, 
In view of the equation 
Cos Dep, (!— 5) os 2ef.s==-4- c0s 2e/,t-t- 5 cos Qe}, (f — 2s) : 


and the fact that the second term of the right-hand side oscillates with 
a high frequency of 2fy >> Af as a function of the variable of integ- 


ration s we neglect the integral of this term. In this case 
w(t)=W (4) cos 2rf,t, 


where W(t) is the voltage envelope at the output of the system 
wim ERY, [—Sieti(—f—t) + 
| Sinty(t4 +3-4 )}: 


The function Gi y is here the ittearal sine 


(13) 


(si 
Siy= ate 


The maximum of the envelope W(t) is attained at the instant of 
time t,, where W(t.) = 0. Thus, t, is determined as the root of the equ- 
ation 


sin ndf | oe a) sin xb} (t+ oat ) 


xf (Ft xdf (04-4) oma 


This root is tn = bos which follows from the evennessof the function 


sin x/x. By virtue of Eq. (13) the maximum of the envelope will be 
Wenaxnc W(t, =k WU oi ‘ (14) 


The effective noise voltage referred to a resistance of 1 ohm is 


determined by the relation 


vs w= J [K(f [Ny (f)d[ = Ko N, df. 
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The integration will here be carried out only on the positive semi- 


axis since No(f) = No is the spectral density for positive frequencies. 


Thus, the sought signal-to-noise energy ratio will be 


rdft, 
: We wine _ 4 se ( 2 ) (15) 
vy we OT 
j 





the obtained expression has a maximum for the optimum value of the 


product Aft, = 1.37. In this case 





1,37% 

i iz 

We nana \* ca 4 U5 te ( 2 ) : 
“Wase Jue ™ Ne 1,37 

| 


Noting that tury =9 is the energy of the radio pulse also re- 


ferred to the resistance of 1 chm we obtain after carrying out the 


. Fe poe le 


«ca anf nine pants BS 


wea 


calculation ‘ 

Wewane \2 __ 23 ; 
( Ware 2 Se (16) . 

This value is attained with the optimum band of the rectangular fre- _ 

quency characteristic es A 

. Sfonr= 1, (17) | 


; is 
Comparing (17) with expression {(13) §4.4)] we satisry ourselves 
1 


2 es 
“on 


of the fact that a band filter with a nonoptimum frequency character- 
i , istic, but an optimum band yields a loss in the signal-to-noise energy : 
: , ratio of 17% or by 1/0.83 = 1.2 times, for the type of signal under con- a 

sideration. 1 


The last conclusion is only correct for the type of signal under 
consideration if the initial phase is unmcdulated. If the initial 
phase is considerably modulated the tana filter cannot yield results 


that are so similar to the optimun. 
§5.3. USE OF DELAY LINES IN THE SYNTHESIS OF OPTIMUM FILTERS 


An optimum filter with a given pulse-response or frequency charac-. 


teristic may be realized by using a delay line. Different methods of 
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this realization are possible. Fig. 5.3 shows one of the methods of 
designing an cptimum filter. The use of a delay line with branches ser- 
ves as its basis. Amplifiers with amplification factors K,; Kos viele > Kn 
are connected to the branches, and the outputs of all amplifiers are 


fed to the total load. 


'y 


Let the distance between the connection points of the branches 
correspond to a delay by At. We shall feed a rectangular pulse of the 
same duration At to the output of this line. In this case we obtain 
the oscillation v(t) consisting of a sequence of rectangular pulses at 
the outout end. Taking a sufficiently great number of branches from 
the delay line and choosing amplification factors Ky» Kos Sees Ka as 
well as their siguas any step-like curve may be obtained. Continuous 


oscillations, among them also one that is similar enough to the mirror- 





reflection of the given signal may be formed by smoothing this curve. 
In the limit if At 70 we may assume that the input pulses approximates 
a delta function, and the output oscillation the pulse-response cha- 
racteristic. 2 
i pet * 
“ st 
B, vit) 
wt Kn 
& . éured C 
- Fig. 5.3. Principle of forming the 
5] pulse-response characteristic by 
using a delay line with branches, 
A) Input; B) delay line; C) output. 
Thus, it is possible, in principle, to form a pulse-response cha- 
| racteristic that is sufficiently similar to the given one. Obviously, 
' the circuit (Fig. 5.3) will practically be an optimum filter in the 
latter case. The shorter, however, at the more branches from the delay 
| oe 
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line are required, and the limiting case .t ~ 0 corresponds to a con- 
tinuous extraction of oscillations from this line. * 

The number of vranch lines from the line of delay may be reduced 
if before it an additionai filter of low frequencies 0 <f < Fax 
is inserted (Fig. 5.44), and the delay 1t is chosen equal to At = 1/2F,.. 
(see §2.6). Such a filter converts a unit pulse to an oscillation of 
the type sin x/x with a duration of 2At as measured between the zeroes. 
Summing these oscillations any function with a limited spectrum may be 
reproduced according to Kotel'nikoy's theorem (except for boundary ef- 
fects). It is here implied that the duration of the pulse-response 
characteristic Ts >> At. Instead of an ideal low-frequency filter an or- 
dinary filter which is similar to it may be used, but in this case a i 
denser spacing of branches may be necessary. 

In several cases the necessary characteristics can be obtained 
comparatively simply by combining a delay line and a resonance filter- 
ing system. Let us, e.g., assume that it is necessary to form the pulse- 
response characteristic in the form of a rectangular radio pulse of the 
duration tT; = mI, where m is a great number of periods Tp: Tt turns out 
that such a pulse-response characteristic may be formed with the help 
of a line of delay by the time Ts with two branches and an oscillatory 
circuit with a great quality factor. Figure 5.5a, b show different 
forms of the corresponding circuits. The pulse-response characteristic 
is obtained as the result of subtracting two free oscillations- an un- 
delayed one and one which is delayed by Ty. Owing to the great quality 
factor of the circuit it represents the required radio pulse of a du- 
ration Ts Similar to a rectangular one. 

The frequency characteristic of an optimum filter corresponds to 


the spectrum of this pulse. In particular, the amplitude-frequency 


characteristic has the fom sin x/x; its width as measured between the 
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Fig. 5.4. Formation of the pulse-response 
characteristic v(t) with a limited frequ- 
ency spectrum 0 <f <F..- A) Inputs 


B) filter; C) delay line; D) output. 


If a rectangular radio pulse acts on the input of the filter a 
rhombiform radio pulse is obtained at the output as it must be accord- 
ing to Fig. 4.9. In this case a linear increase of the voltage ampli- 
tude during the duration of the pulse and a very slow damping of the 
oscillations after it has come to an end takes place in the high quali- 
ty circuit. As a result of subtracting the two transient processes, J 
the undelayed and the delayed one, a rhombiform radio pulse of the du- 
, vation of 21, (Fig. 5.6) is obtained at the output. © 





Fig. 5.5. Formation of a pulse-response 
characteristic in the form of a rectan- 
gular radio pulse. A) Input; B) output. 
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§5.4. OPTIMUM FILTER FOR A COHERENT SEQUENCE OF RADIO PULSES 

We shall pose the problem of synthesizing an optimum filter for 
ef expected signal in the form of a packet of coherent radio pulses, 
i.e., pulses whose phases are rigidly connected with each other. Only 


the initial phase of the first radio pulse of the packet may be random. 





For the sake of definiteness, we will assume that all puses have the 





same initial phase. We shall assume the period with which the pulses 





: arrive at the input of the receiver to.be equal to T. 
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Fig. 5.7. Shaping of pulse characteristic in 
form of coherent packet of square radio 
pulses. 1) Delay line; 2) final filter. 
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Applying the method set forth above we shall choose a line (Fig. 
5.7) with branches of a distance T and a total delay time MT where M 
is the number of pulses in the packet. The branches are connected to 
the summation device. We shall establish a terminal filter at its out- 
put end (Fig. 5.5.a or b) which is optimum for a single radio pulse. 

Let us consider the formation of the pulse-response characteris- 
tic of the filter. If a unit pulse acts on the input of the delay line 
a sequence of unit pulses is picked up from the output of the summation . 
device. Each of them generates its own rectangular radio pulse at the 
output of the end filter. As a result the required pulse-response cha- 
racteristic is formed. 

Let us track the result of an expected coherent packet of pulses 
acting on an optimum filter. Fig. 5.&a shows the voltages as picked up 
from the branches of the line, and Fig. 5. 8b the voltage at the out- 
put of the summation device. As we see, the optimum filtration of the 
packet boils dcwn to a coherent summation of the mutually shifted pul- 
ses of the packet. This leads to an improvement of the signal-to-noise 
ratio at the output of the filter since the pulses are added in phase, 
and the interferences with random phases. Instead of the term coherent 
summation also the term coherent integration of the packet pulses is 

. is used. 

The end filter that is located after the summation device performs 
optimum filtration of each of these radio pulses. 

As a wholse, the voltage that is schematically drawn in Fig. 5.8c 
is obtained at the output of the optimum filter. 7 

The result of filtration will not be changed if the order of op- 
timum filtration of a single pulse and optimun summation of the packet 


pulses is interchanged. 


As shown in §5.2, replacing the optimum filter for a single radio 
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pulse by a band filter leads only to a small loss of threshold signal 


energy. 
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Fig. 5.8. Optimum filtration process ; 
: of a coherent packet of rectangular e 
radio pulses. a. 


It makes, thereforé, sense to distinguish the optimum sum- 





nation circuit as a basic element of the device for optimum processing 


mee qe 


of the packet. 


The frequency characteristic of the optimum summation circuit may 
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Figure 5.) shows the amplitude~frequency characteristic of the op- 
imum summation circuit. It consists of a number of peaks and is, there- 
fore termed comb-shaped. Taking account of an optimum filter for a single 
radia pulse the resuiting comb-shaped characteristic shown in Fig. 5.10a 

is obtained. If instead of an optimum. filter a band filter is used the 
shape of the envelope of the amplitude-frequency characteristic will 
be changed (Fig. 5.1Cb). | 

Filters using optimum summation of the packet pulses are often cal- 


led comb-filters (more accurately, band-pass comb filters). 





Fig. 5.9. Comb-shaped amplitude-frequency charactez- 
istic for an optimum summation circuit. F 


Comb filters can also be designed by not only using a delay line, 
but also oscillator circuits tuned to the comb frequencies. As can be 
seen from Fig. 5.10 however, a considerable number of circuits is ne- 


cessary such that this method is only appropriate for systems of low_ 


pulse ratio. 
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Fig. 5.10. Comb-shaped amplitude-frequency character- 

istics for an optimum summation circuit, together with 
a filter of a single radio pulse of the packet. a) In 
case this filter is optimum; b) if it is replaced by 

a band filter. 


§5.5. AN EXAMPLE OF SYNTHESIZING AN OPTIMUM FILTER FOR THE COMPRESSION 
OF A RADIO PULSE WITH A COMPLEX LAW Of MODULATION 


Let us consider a radio pulse of a duration of Ty with a complex 
law of modulation characterised by the fact that it consists of ele- 


mentary pulses of the duration To = t,/n (Fig. 5.1la). In the course of 





each time interval Te, oscillations of the same frequency fo with con- 
stant initial phase which may change by a jump by 7 when passing over 
to the following elementary pulse are emitted. In other words, if the 
initial phase is constant and the same for all oscillations some of the 
elementary pulses are multiplied by +1, and some by -1, which is shown 
schematically in Fig. 5.11b. 


The optimum pulse-response characteristic corresponding to this 


signal is schematically represented. in Fig. 5. lic. In order to design 
an optimum filter with such 4 characteristic a delay line with branches 
and a general summation device to which some of the branches are connect- 
ed via inverse cascades may be used (Fig. 5.12). The output voltage of 


the summation device is fed to the end filter which is optimum for an 
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elementary pulse of tne duration b> = t,/n (see §5. 3). 


Ceres rms 7. 


a 
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: b 
PEEEEEE 


Fig. 5,11. Radio pulse with complex law of modulation-phase-manipu- 
lated radio pulse (a); conventional representation of a phase-mani- 
pulated radio pulse (b); conventional representation of an optimum 
pulse~response characteristic (c). 


Let us track the process of optimum filtration of a pulse (Fig. 
5.11a) with a complex law of modulation. Figure 5. 13a shows schemati- 
cally the input radio pulses shifted in time allowing for the presence 
of inverse cascades. The result of their summation is shown in Fig. 

5. 13b, and the output voltage of the optimum filter, as a whole, in 2 
Mige 5. 13c- 
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Fig. 5. 12. Formation of a pulse-response characteristic which is opti- 
mum for a phase-manipulated radio pulse. A) Delay line; B) end filter. 
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The considered example is interesting from two points of view. On 
the one hand, it shows the possibilities of synthesizing optimum fil- 
ters with rather complex pulse-response characteristics. On the other 
hand, it illustrates the afore-mentioned effect of compression of a 

. pulse with a complex law of modulation in the case of optimum processing, 


It is easy to see that the duration of the main overshoot of the output 


mee FEE RENIN Bites netic etgeite Seer ante 


i signal can be made essentially shorter compared to the duration of the 
signal at the input. 

We note that also a band-pass filter with an optimum band 
1. 37/t6 = 1. 37/7, n may be used as the end filter of the circuit (Fig. 


5.12). In this case, the band-pass filter transforms the elementary i 










ape t Slates ee, 
a 


rectangular radio pulses (Fig. 5. 13b) into radio pulses the shape of 
whose envelope is somewhat different from the rhombiform one (Fig. 5. 
13c). Although as a whole the processing will not be optimum, the loss 


in the signal-to-noise energy ratio is only 17%. 
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Pig. 5.13. Optimum filtration pro- 
cess of a phase-manipulated radio pulse. 
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§5.6. SIGNAL DELAY (M@MORY) DEVICES 

In order to design devices for optimum processing the received 
signals must be recorded (remembered). The latter is necessary both in 
designing optimua filters and incoherent storing devices. Delay lines, 
potentialoscopes, magnetic recording devices, etc., are used to solve 
numerous problems. There are electrical and ultrasonic delay lines. 

In the electrical delay lines the effect of finite time of propa- 
gation of electromagnetic oscillations in a system containing storing 
devices of electric and magnetic energy (capacity and inductance) is 
used. The delay lines may have concentrated and distributed storing 
devices. Besides the distributed inductance of the winding there is a, 
distributed capacity between this winding and the screen in Lines with 
distributed storing devices. Usually, the screen consists of longitu- 
dinal conductors that are insulated among each cther in order that the 
transverse currents do not shunt the distributed inductance of the wind- 
ing nor give rise to excessive losses, On the edges the conductors are 
joined with each other. 

Electric delay lines guarantee a delay of the order of some micro- 
seconds (in several cases also of the order of several tens of micro- 
seconds). The greater the time delay the narrower is the frequency band. 

With the help of the ultrasonic delay lines a delay up to some mil- 
liseconds for a frequency band of the order of some megahertz (or even 
tens of can be obtained. Such a great delay is guaranteed by the fact 
that, first of all, the electric oscillations are transformed into 
ultrasonic ones. The latter are delayed, and then again transformed 3 
into electric ones. With the limited dimensions of the lines great de- 
lay is achieved since sonic speed is considerably lower than the velo- 


city of light. The direct and the inverse piezoelectric effects appear- 





ing in the case of quartz crystals, barium titanate, etc., are used to 
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transform electric oscillations into mechanic ones, and vice versa. * 
The direct piezoelectric effect lies in the fact that when there 


are electric charges on the surface of a crystal capacitator it is 





compressed or stretched depending on the sign cf the charge. Inversely, 


the compression or stretching of a crystal gives rise to eluwctric char- 
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ges (inverse piezoelectric effect). Consequently, applying a variable 
eleztric field along the axis cf a crystal capacitor mechanic oscilla- 


tions cf the crystal, which are then transferable to a sound-cenduct- 
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ing medium, can be generated. Inversely, if mechanic osclllations ar- 


nee 


riv: from a sound-conducting medium electric oscillations can be ob- 
tained. Special amplifiers will be inserted in the channel cf the delay 


line in order to amplify these oscillations. 
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The magnetostrictive effect is sometimes used to excite ultrasonic 
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oscillations in thin scund-conducting bodies. This effect consists in 


e 


. the fact that mechanic oscillations which will then be propagated in 


the sound-conducting medium are excited if a variable magnetic field 
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acts along a sound-conducting body made of an appropriate kind of me- 


tal (e.g., nickel). Thus, the magnetostrictive delay line is a modifi- 
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cation of the ultrascnic one, in which the oscillations are excited by iy 

the magnetostrictive rather than by the piezoeiectric effect. The in- ‘ 

. verse magnetostrictive effect may be used to pick up oscillations. 
Recently, the piezoresistive effect, i.e., an effect which lies in i 

the variation of the resistance of the transition layer at the boundary i : 

with a semiconductor if the latter is compressed or stretched began to t 3 

; oe used to transform electric oscillations into ultrasonic ones. This ' 
fact permits ultrasonic osciliations of super-nigh frequencies to be *e 
delayed with small energy losses and guarantees the transmission of “ 
' broad-bend signals. Pe 


Potentialoscopes are devices in which electric oscillations are 
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recorded on a dielectric target in the form of a potential relief. For 

this purpose the target surface must have the property of secondary em- 

ission. This implies that more than one electron leaves the target if 

a high-energy electron falls on it. The more electrons hit the target 

the more electrons will leave it and, consequently, the greater is the 

positive charge remaining on the target. If the electron beam arises 

along the surface of the dielectric target and at tne,same time the in- 
ceneaty of the electron flow varies also the charge distribution at the | 


target surface will vary accordingly. This means alse that the electric 








‘ oscillations are recorded on tne dielectric target in the form of a 
N potential relief. If the electric conductivity of the target is suffi- 
i ciently small, the potential relief is maintained all the time needed 
\ for optimum processing. The measurement of the potential relief may be 
# carried ont ty various methods, among them with the help of a special 
K counting electron beam. 


ars 
z 


If magnetic recording is used the electric signal remains in the 
form of a magnetic relief on the magnetic tape or drum, which move in a 
the neighborhood of the magnetic field of the recording coil. In con- 
i 
{ 


trast to the electric recording, the magnetic one permits an infinitely 


97 Umea 


great time delay to be obtained. The magnetic recording may be kept 


for many years. The frequency band of this recording is, however, usua- 


5 lly narrower than that of the electric one. 
3 §5.°7. INCOHERENT STORING DEVICES 
When processing radio pulse packets with independent random initial 
¥ phases we must be concerned with the summation of these pulses after F 
; the detector, or, in other words, with incoherent summation. Incoherent 
\ summation takes place already in case the data are put out visually from 
| a radar indicator since afterglow occurs. In the case of automatized 
output it cana be realized with the help of delay lines, potentialoscopes, 
| - 152 - 
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In the case of visual output the pulses acting in different scan- 
ning periods successively excite the same point of the screen. In its 
effect, such a summation approximates the quadratic one though it is, 


of course, different from the optimum. 
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The fact that there is no incoherent storing in the case of auto- 
matized output may considerably raise the level of the threshold sign- 


al, even compared to visual output. Consequently, when designing an 


automatized detection (or measurement) system one must try to make it 


eee 


similar to an optimum processing system. As will be shown in Chapter 6, 


the deviation from optimum summation in details, e.g., the replacement 


of quadratic summation by linear one and vice versa, has so substantial 


~~ 1 


influence on the level of the threshold signal. On the other hand, it 


. 
? 


is quite inadmissible to give up incoherent summation completely. 


In order to realize incoherent 
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: ing, etc., may be used. 


Wityete)= EAU; A circuit of post-detector fil- 


F# 
Fig. 5.14. Principle of con- ters with delay lines can be used for 


structing a post-detector 
filter on a delay line with 
branches. A) Packet of video 
pulses; B) delay line. 


incoherent summation. 
Thus, e.g., a filter in the form 
of a delay line with a finite number 
of branches connected to the summation device may be used for post-de- 
tector processing of a signal having the form of a packet of radio pul- 
ses. The number of branches from the delay line must be equal to the 
number M of pulses in the packet, and the delay between the connection 
points must be equal to ‘the pulse repetition period T (Fig. 5.14). 
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| 
At some instant of time a voltage (Fig. 5.15) equal to 


LAW e (1) 


is obtained at the output of the summation device, where U is the vol- 
| 


tage of the ith pulse at the output of the detector, and Ky is the am- 


plification factor of the ith weight amplifier. | 

For U, = hes and K, = sé /NG expression (1) reduces to expression 
[(13) $4.9]; for U, = oe and K, = s?/(85 + No/a,) expression (1) cor- 
responds to expression [(15) § 4.9]. 

It is, however, rather difficult to realize an ultrasonic line 
with a delay time to be measured by the duration of tne pulse packet. 
Consequently, sometimes a delay only for one pulsing period is used, 
but a positive feedback from the output cf the line to its input is 
introduced (Fig. 5. 16). 


i i pfs 


‘ é 
« Kyl, 
A | eo 
| t 
has . 


tht 


Marcu emnyacel ne Suxede 
becehux yousumened 


Witla) Fae 





t 


Fig. 5.15. Process of optimum processing 
in a post-detector filter. A) Pulse pack- 
ets at the output of the weight amplifiers; 

B) packey at the output of the summation 
evice. 
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Fig. 5.16. Recirculator. A) Delay line. 











The feedback factor 6 is chosen such that the pulse is only slightly 
weakened when returning to the input of the line after running through 
a selay line with a transmission factor K. The process is then repeat- 
ed (recirculation). 

If the delay time of the line is equal to the pulsing period the 
signal will be stored if a packet of pulses is fed to its input. In 
this case the quantity KB must be chosen such thac the first pulse is 
not damped very strongly until the instant when the last fulse of the 
packet arrives. On the other hand, if the quantity kp is too close to 
unity the superposition of noise will be amplified considerably whereas 
no additional superposition of packet pulses will occur. Usually, one 
chooses K® = 0.8-0.95. 
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Fig. 5.17. Amplitude-frequency 
characteristic of a recircula- 
tor. A) For. 


The amplitude-frequency characteristic of such a device is comb- 
like (Fig. 5.17); it may be called comb banc-pass filter for a packet 
of video pulses. . 

We note that the recirculator (Fig. 5.16) may not only be used for 
incoherent storage. If it guarantees stable work for sufficiently high 
frequencies it can also be used for coherent storage as may be s@en by 
comparing Figs. 5.17 and 5.9. 

A practically important realization of incoherent storage is the 


digital storage. In this case, the quantities to be summed are rounded 
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off, first of all, in order that they can te 
expressed in terms of one or several binary 
discharges. The simplest method of rounding 


off lies in feeding the pulses to be summed 





into a threshold circuit with a characteris- 


Fig. 5.18. On replac- tic (Fig. 5.18) | 


ing optimum incoher- 1 if z 
ent summation by dig- HZ=(,) saci 
{tal summation. » Af Anca. 


The voltage at the output of this circuit is 
expressed in terms of only one binary discharge (C or 1). For the pur- 
pose of comparison the optimum characteristic [see (5) §4.9] approxi- 
mated by the characteristic ¥(Z,) is represented by the dotted line in 
Fig. 5.18. 

The threshold circuit may be considered an additional nonlinear 
element; if it is switched on the whele circuit of processing wili not 
become fully optimum. On the other hand, the operations of processing 
may be realized with the help of digital devices ~ memory and summation 
devices. This permits information from a great number of integrated 
pulses from a single gated target to be stored. The digital memory of a 


binary discharge (0 or 1) may be realized with the help of triggered 













circuits in electron tubes or transistors having two stable states of 
equilibrium. Recently, the use of ferrites and ferromagnetic films has 
become widespread, for this purpose. 

In order to detect a target the number obtained after summation 
must be compared with the corresponding threshold, i.e., as a whole, 
the detection circuit will have two thresholds (Fig. 5.19a). 

The diagram of Fig. 5.19a shows that, first of all, the detected 
pulses enter the first threshold circuit. To its output an M-pulse dig- 
ital summation device is connected. It is implied that it realizes the 
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Fig. 5.19. Double-threshold circuits of digital storage. a) With con- 
servation of information on all M pulses of the packet; b) with conser- 
vation of information on a number of pulses m < M. A) First threshold 
circuit; B) or; ¢) digital summation device for M pulses; D) second 
threshold circuit; E,F)if; G) first threshold circuit; H) or; I) digital 
a device for m < M pulses; J) second threshold circuit; K) if; 
L) if. 


memory and summation operations and is analogous to a circuit with de- 
lay line as to the functions it performs (Fig. 5.14), but, in contrast 
to the latter, requires compulsory dropping of obsolete data. After the 
summation device there is a second threshold circuit with a figure 
threshold n. 

As a whole, the dgtection of a whole packet by means of a double- 
threshold circuit is recorded if and only if the threshold level of the 


first circuit is exceeded by, at least, n pulses of the M pulses that 






are possible. M possible pulses are here understood to be the entirety 





range section. 





Figure 5.19) shows a simplified variant of a double-threshold cir- 





cuit. As before, the digital summation device is intended to the memory 





and summation of the excesses over the first threshold, but for the 
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| of all successive pulses of the packet which correspond to a certain 
* smaller number m < M of the successive pulses of the packet. This im- 






plies that the solution on the presence of a target is adopted even if 


only during the duration of the packet the level of the first threshold 
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is exceeded by n pulses of the m pulses that are possible. 

' The choice m < M considerably simplifies the circuit, particularly 
if m is small (e.g., m= 2, 3); this means, however, a certain devia- 
tion from optimum processing. 

It is in place here to carry on the analogy of the work of the 
digital summation device (Fig. 5.19) ane the summation circuit (Fig. 
5.14). The replacement m < M is eanivalent to ar appropriate reduction 
of the number of branches and the length of tne line in this circuit. 
In this case the peaks of its frequency characteristic (see, e.g., Fig. 
5.17) are broadened, which impairs the signal-to-noise ratio. Or else, 
we may say that the signal-to-noise ratio is impaired since the energy 
of the packet is not fully made use of (m < M), which gives rise to 
energy losses. These losses are, however, partly filled up (see §6.4). 


As a matter of fact, in order to detect a packet it is sufficient to 


exceed the second threshold if only for one group m of successive puls- 


es, for a total number of pulses in the packet M > m. 


§5.8. ON THE USE OF THE PHENOMENON OF DISPERSION IN DELAY LINES IN THE 
CASE OF OPTIMUM FILTRATION OF BROAD-BAND RADIO PULSES 


In §§ 5.3-5.7 a number of examples of the use of delaying devices 
and, in particular, of delay lines aiming at pre- and post-detector ‘op- 
timum processing was given. It was understood that distortions of the 
signals are undesirable. In this section the possibilities of a profit- 
able use of phase-~frequency distortions in delay lines will be men- 
tioned. 

Before analyzing the application of distorting lines it is expedi- 
ent to premise a brief consideration of the frequency characteristics 
of nondistorting lines. A delay line for which the input and output 


voltages are connected by the relation 
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Usux (t) = Cllax(t—bo), 
where ¢ and to are constants will be called perfect. 
The corresponding spectral densities are connected by the relation 
Sour (f) = Cgax (f}e~ 
: from which the complex frequency characteristic K(f) = Buyin (F/B yg (f) 
is determined. The amplitude-frequency characteristic of the perfect 
delay line corresponding to it is uniform 
|X (f)| =<onst, 
and the phase-frequency characteristic is Linear and passes through 


zero (Fig. 5.2Ca). 





arg K(f) =—2nflo. 
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Fig. 5.20. Phase-frequency characteristics and frequency characteris- 
tics of the group delay time of nondistorting (a, b, d, e) and distort- 
a (c, f) delay lines. A) gr; B) gr; C) gr maks; D} gr min; E) min; 

F) maks. 


i tively narrow frequency spectrum around the carrier frequency fo undis- 


| 

| 

| 

{ 

In the case of a high-frequency delay line working in a compara- 
torted reproduction is usually understood in a narrower sense. The re- 
4 


quirement of reproducing the delayed envelope except for a constant 
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initial phase ¥ without distortion 

Osux()=cU s(t —t,)e: 
is made; the requirement, however, that the initial phase of the vibra- 
tions should be conserved for an arbitrarily chosen initial point of 


the envelope is not made. Such a delay is obtained in the case of an 





amplitude-~frequency characteristic which is uniferm in the neighborhood 
of the carrier frequency fo (within the limits of the signal spectrum), 
and in the case of a linear (within the same limits) phase-~frequency 
characteristic. The phese-frequency characteristic itself does not nec- 
essarily pass through zero (Fig. 5.20b) such that 

arg K(f) =arg K (fo) —2xlo(l—fo), (1) 
where, generally, 

arg K (fo) #2aflo. 

The extremely narrow spectrum around an arbitrary frequency fo is 
called a group of frequencies, and the delay time of the envelope cor- 
responding to it the group delay time ton Within the limits of a fre- 
quency, group a linear approximation of any phase-frequency characteris- 
tic arg K(f) may be used. Keeping only the first two terms of the Tay- 


lor expansion 
arg K(f) =arg K (h)-+ (1 — fa) gy are K (fs (2) 
comparing (1) and (2) and identifying ee with t,) we obtain 
—2elyy= Fp arg K (f,)- 


Replacing the arbitrary frequency fo by f we find the following 


final expression for the group delay time . 
tey=— ae ap are K(f). (3) 


The preceding result (1) may now be treated in the following way. 


In order to reproduce the signal envelope without distortion the group 
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delay time must remain unchanged within the limits of the whole fre- 


quency spectrum of the signal (Fig. 5.20d, e). 





In the case of optimum filtration it is not always admissible to 


strive for an undistorted reproduction of the envelope. A nonlinear 


phase-frequency characteristic of the delay line may be used to compen- 
sate immediately the phase-frequency spectrum of the signal, without 


use of any intermediate branches from the delay line. 
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For this purpose the group delay time in the line must vary in the 
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frequency range of the signal according to some law, e.g., to a linear 
one (Fig. 5.20c, f). 

The inconstancy of the group delay time for different spectral 
components is classed among the phenomena of dispersion of propagation ¥ 
velocity. Delay lines with variable group delay time are, therefore, 


termed dispersion delay lines. 8, 















As is known from §4.11, optimum filtration of broad-band radio 
pulses gives rise to their compression in time. The compensation of the 
..* phase-~frequency spectrum, being part of this filtration, is also con- 
nected with pulse compression. Moreover, it is just the compensation of 
the phase-frequeccy spectrum of the signal which is the main reason for 
the compression, since it leads to a simultaneous superposition of the 
harmonic components (Fig. 4.7) and to the formation of a peak of the 
compressed radio pulse. But the choice of an optimum amplitude -frequen- 
cy characteristic, while reducing the individual spectral components of 
the signal (in order to weaken the noise), may even lead to a contrac- 
tion of the spectrum and to a widening of the compressed pulse. In the 


ease of broad-band radio pulses this broadening is substantially over- 


of the phase-frequency characteristic arm (f). 
The concept of a variable group delay time permits the compression 
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| lapped by the compression owing to the considerable compensating action 
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mechanism cf broad-band radio pulses also be treated in another way, 
i.e., as that of pulses whose spectral widening is achieved by frequen- 
cy modulation within the pulse. A line with a characteristic Con = 
= ten(f) as shown in Fig. 5.20f, delays nigh frequencies to a greater 
extent than low ones. Let us feed to it @ pulse wnose instantaneous 
frequency varies from a higher one at the beginning to a lower one at 
the end of the pulse. Thus, higher frequencies act earlier in the given 
case, but are delayed to a higher degree, and lower frequencies appear 
later, but are delayed to a lowev degree. This yields the reason for 
the combination of all frequency groups and the formation of the com- 
pressed pulse. Obviously, 

ad t(f) + hep (I) =const, (4) 
is the condition for such a combination, where t(f) is the moment at 
which the instantaneous frequency acts; for the sake of simplicity, we 
assume that its variation is monotonic.* The duration of the compressed 
pulse in case the phase shifts are fully compensated is inversely pro- 
portional to the width of the frequency spectrum. 

The dispersion delay lines may be described not only with the help 
of the characteristics of Fig. 5.20, but, as before, also with the help 
of pulse-response characteristics. Since the delta function acting in 
taking up this characteristic may be considered the superposition of 
groups of different frequencies these groups are delayed relative to 
the instant of action by different times, in the case of a dispersion 
line. For the example considered (Fig. 5.20f) groups of high frequen- 
cies are delayed to a higher degree and groups of low frequencies are 
delayed to a lower degree. 

The pulse-response chavacteristic proves to be frequency -modulat- 


ed: at the beginning it is followed by lower, and finally by higher 
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of the signal for which this characteristic is the mirror image, but at 
the end there are lower frequencies, which corresponds to the conclu- 
sion on the character of the signal compressed by the line which we 


have obtained earlier. 2 


The different dispersion delay devices yield characteristics 


(f) differing by the operating frequency band f f and by the 


Con 
drop of the group delay time t 


maks “min 


er maks "gr av within the limits of this 
band. 

The super-high frequency dispersion delay systems in radio wave- 
guides ‘may guarantee very broad frequency bands f 


t but with a 


maks” “min’ 


comparatively small drop in the group delay time t The 


er maks “gr min’ 
latter is explained by the fact that the values of the group delay time 
are determined by the duration of the high-frequency oscillation period 
and by the number of oscillation periods relative to which the delay 
takes place. Since the latter is usually limited it is difficult to 
guarantee a great group delay time in the cae of very small values of 
the nigh-frequency oscillation period. 

Greater variable time delays may be obtained with the help cof 
electric delay lines with distribute? or concentrated parameters work- 
ing in an intermediate frequency range. 

Still greater variable time delays, but for smaller frequency 
bands, may be achieved by making use of ultrasonic waveguides havirg 
the shape of tapes or cylindrical wizes and made of an ultrasound-con- 


ducting material. 


§5.9. CORRECTION OF THE SHAPE OF THE COMPRESSED RADIO PULSE ENVELOPE 
If the nonlinearity of the phase-frequency spectrum of 4 radio 

pulse is compensated by the phase-frequenvy characteristic of an opti- 

mum filter or a dispersion delay iine the envelope of the output volt- 
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age is completely determined by the shape of the output amplitude-fre- 


quency spectrum. As was shown in §4.11 an effective pulse compression 


takes place in the optimum filter in the case of a rectangular ampli- 


tude-frequency spectrum of a width of Af>= . Minor lobes, however, ap- 


pear besides the major one. The level of the greatest of them is about 


22%. The same situation is, apparently, given in the ease of a linearly 


frequency -modulated radio pulse whose spectrum is similar to e rectan- 


gular one (see §7.7). The existence of minor lobes of the envelope 


("residues") may sometimes aggravate the resolution of two targets that 


{ 
are close to one another. 


‘The level of the minor lobes may be lowered by changing the shape 


of the amplitude-frequency spectrum. In particular, if the amplitude- 


frequency spectrum is almost bell-shaped the compressed pulse also has 


a bell-shaped envelope whose duration is inversely proportional to tne 


spectral width. 


It is not advantageous to pass over immediately from a rectangular 


spectrum to a bell-shaped one at the expense of suppressing a consider- 


able part of the spectral components of the signal owing to losses in 


the signal-to-noise ratio and to a considerable widening of the short- 


ened pulse. Consequently, the amplitude-frequency spectrum is partly 
rounded off in oxder to suppress the minor lobes, but, if possible, 


without considerable widening of the shortened pulse or impairing of 


the signal-to-noise ratio. 


By way of example, the passage of a rectangular amplitude-frequen- 


ey spectrum with a band of Af on a carrier frequency fo through 4 fil- 


ter with a linear phase-frequency characteristic and an amplitude-fre- 


quency characteristic of the form 





K (f)=a-+25c0s2n tl (1) 
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(where a = 0.5 and b = 0.25) leads to energy losses of 1.72 db (the 


SON 


calculation is analogous to that given in §5.1) and to a widening of 
the major lobe of the compressed pulse by 1.2 times. In this case, a 
calculated minor lobe level of 2.4% is already guaranteed. For if a: 0.54 
and b = 0.23 the calculated level of the minor lobes is reduced to 
0.15% with losses of only 1.34 db, but with a widening of the major 
lobe by 1.5 times. 


A pulse-response characteristic of the form 





0 (t)==a8(t—f,)+-88 (!—44.—ay) +6 (‘-4+47) 


corresponds to the frequency characteristic (1) or if to = 1/Af 
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o(t)=63(0)-+ a8 (t— 57) on (‘—77}- (2) 


wae 


The characteristic (2) is realized with the help of a summation 


to 


device to which the input and the bvanches of a nondistorting line of 


, delay by, respectively, 1/Af and 2,,Af are connected, in which case the 


summation will be carried out with w.ights equal to, respectively, b, 


te 
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a and b. A device with a pulse characteristic (2) is, therefore, called 
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a weight processing device. 


A welght processing device for a radio i ise with a complex rec- 


‘ee amplifier with a char- 


tangular spectrum may be replaced by a resonée 
{ 
acteristic similar to a bell-shaped one and a ‘sand on the level (0.05- 


0.1) which is somewhat broader than the frequy ney band Af of a rectan- 


gular spectrum. 


Weight precessing may be used not only in the compression of fre- 


quency -modulated, but also in that of phase-nanipulated radio pulses. 
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[Footnotes ] 


By way of example, in the case of an electric nondispersive 
delay line a continuous capacity output whose shape corres- 
ponds to the given pulse-response characteristic (or to a 
pair of mutually supplementing outputs connected as a differ- 
ential circuit) may be used. 


Condition (4) may be-obtained more rigcrously from [(12) 


§4.4], using the asymptotic principle of the stationary 
phase. 


[Transliterated Symbols] 


ont = opt = optimsal'nyy = optimum 
c = s = signal = signal 
1 = p = pomekha = noise 


o@ = ef = effektivnyy = effective 

mM = i = impul's = pulse 

Makc = maks = maksimal'nyy = maximum 
3 = 2 = zapazdyvaniye = delay 

BEX = vykh = vykhod = output 

BX = vkh = vkhod = input 


rp 


gr = gruppa = group 
B = v = vozdeystviye = action 


MMH = min = minimal'nyy = minimum 
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Chapter 6 
j 
i QUALITATIVE INDICES OF OPTIMUM PARAMETER 
A DETECTION AND MEASUREMENT DEVICES 
; | 
{ §6.1. STATEMENT OF THE PROBLEM 


The best qualitative detection and measurament indices (in a sta- 


tistical sense) can te obtained only by optimum processing of the re- 


meen etmn I I IL 


ceived oscillations. 

In the case of detection, such an index, in particular, is the 
correct detection probability D, calculated for different ratios of 
signal energy and spectral noise density at the fixed false alarm prop- 
ability F. With optimum detection this has the highest value. 

In the case of measurement, a typical qualitative index is the 
root mean square error, which can also be calculated for different val- 
ues of the signal energy to spectral noise density ratio. For a given 
signal modulation law, the optimum measurement device gives the minimum 
root mean square error. 

The increasing demands made on detection and measurement enforce 
a continuous improvement of the quality of the processing of the re- 
ceived signals. Hence the qualitative indices of optimum systems are of 
great interest because they are the limit which one must strive to at- 
: tain by approximating the non-optimum processing to optimum. The mate- 
rial in Chapters 4 and 5 shows that such an approximation is entirely 
possible. 

In the analysis of the qualitative indices we shall start out with 


the assumption that optimum processing is achieved. The qualitative in- 
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dices are then independent of the concrete method of which this proc- 
essing is achieved. In view of the fact a great number of calculations 
requires an enormous effort, we shall carry out in detail only the 

simplest ones, with the aim of illustrating the method of analysis. The 
most simple case in detection theory is that of a signal with complete- 
ly known parameters. We shall begin the analysis of the qualitative de¢- 


tection indices with an examination of the simplest case. 


















§6.2, CHARACTERISTICS OF OPTIMUM DETECTION OF A SIGNAL WITH COMPLETELY . 
KNOWN PARAMETERS 


Optimum detection of a signal with completely known pawamevers 
consists in a comparison of the correlation integral with the threshold. 


In the absence of noise the correlation integral 


o 


z= f x(y (dt 


-o 


can be assumed only two values: 


a femaaa in the presence of a signal, 
a leo 


Oo . in the absence of a signal, 


and the detection will always be error-free. 


If noise is present, the correlation integral is a random quantity 


wae 


which can assume any values independently of the presence of a signal. 
The case of signal transmission and false detection then becomes possi- 
bie. In order to calculate the corresponding probabilities, we deter- 
mine the distribution law of the random quantity z under condition that 


signal and noise or noise only are present. 


on mete men en, oe ek are rape sme 
2k 


First let us point out that the correlation integral, being the 
limit of the linear combination of Gaussian random quantities, is also 


a Gussian random quantity. 


In order to ascertain the distribution law of this quantity we 
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must find its mathematical expectation M{z}=z and scatter D{z}=¥ un- 
der two conditions, the presence and absence of a useful signal. 
The mathematical expectation of the correlation integral we find 


as the integral of the integrand of the mathematical expectation 
eo ao izes 
F=M{z}= J xHy@at= J <Qy@a. 
a9 =o 


The scatter of the correlation integral, in turn, will be 


d=Del=me—F=| 5 «oUw—Toiat| : 


Under condition of the presence of a useful signal we have 
yO=x)+2H=«(t) 
and 


z= J x*(t) ad=J9, (1 ) 


~e 


and in its absence g(j==n')=0 and Z = 0. It is obvious that in both 
eases y()—y(}=n(t) applies. 

By replacing in the expression for Diz} the second power of the 
integral by the product of two identical integrals and then proceeding 


to derive the double integral, we find 


vi=D{z}= fj dt { x()x(s)n@acs)ds. 


—7oO 
By substituting the value of the correlation function for white 
noise aaw=2st—s) and carrying out the integration, we finally ob- 
tain 


dane t fran, (2) 


The value v?7=D{z} thus obtained is valid not only in presence but also 
in absence of a useful signal. It depends on the energy of the expected 
signal in either case because the expression of the correlation inte- 


gral contains the expected signal x(t). 
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Fig. 6.1. Curves of the condi- 
tional probability densities 
Pp (2) and Pep (2) of the values 


of the correlation integral. 
a) ps; b) sp; c) E. 


Knowing the mathematical expectation and scatter, it is easy to 
write the conditional probability densities of the Gaussian random 


quantity z in absence and presence of the useful signal 


“ar (3) 
Pale) =e e *O 
/ Pen (2 =T, er (4) 


The two distribution laws Pp (2) and Pep (2) are represented in Fig. 
6.1. The decision on the presence of a signal is taken if z > Zos which 





is possible not only in presence of a signal but also in its absence. 


The probability of the threshold value 20 being exceeded in absence of 
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a signal is the false alarm probability 


F=P,(2>2z,) = Soe) dz. (5) 
Xe 
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The probability of the same event in presence of a signal is the cor- 


rect detection probability 
‘ ; eo 
D=Pr. (2>2,) ={ Pen (z) dz. (6) 
i . se 
The areas in Fig. 6.1 corresponding to these probabilities, are shaded. 


The expression for the calculation of F and D with an accuracy 


corresponding to the specification are solutions of a one-dimensional 
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problem. This is due to the fact that after the calculation of the cor- 


relation integral the multidimensional problem is reduced to a one-di- 





mensional problem. Applying the norma’ distribution law, the formulas 


a, 
~ 


4 for F and D can be expressed via the probability integral 


F=05[1—0/#)],. (7) | 
b=05[1-0(#>"-)}. (8) 


The expression (7) shows that the false alarm probability F is un- 


equivocally defined by the ratio of the threshold level Zo and the root 


peewee me 


mean square value 
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of the noise component v of the correlation integral 


yas F nq xtat. 


=O 
It follows from the expression (8) that the correct detection 
probability D depends also on the magnitude of the relation 


3 29 
22/2? =4 (9) 
In the following we shall term this quantity detection parameter. 
We recall that the quantity q is numerically equal to the signal-noise 


voltage ratio at the output of the optimum filter. 


Introducing now the parameter 


and using the relation 


O(—2)=— Plu), 
we bring the expression for the correct detection probability D into 


| the form 
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! D=05{1+99—4)) (10) 
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The family of curves D(q) at different values of q) is shown in 
Fig. 6.2. It is readily seen that the family of Fig. 6.2 is analogous 
to the family of Fig. 1.9 for the one-dimensional case. At q = do the 
value is D= 0.5 and at q = 0, D= F. The magnitude of F depends only 
on do} hence the curves Ag = const are at the same time the curves F = 
= const. The correct detection probability D at a given false alarm 
probability F is the greater, the greater the detection parameter q. A 
decrease in the attainable value of F, due to an increase in the 
threshold level, results in a shift of the detection curve to the 
right. 

Using the detection curves, we can find 
the threshold signal. A signal is termed 


SCocen threshold signal when it can ke detected at a 
SALT TTT 


PA 
ViVi A Pit 


given false alarm probability Fo with a given 





correct detection probability Do: The threshold 


Fig. 6.2. Detection signal is characterized by its energy (or pow- 
curves for a signal 
- with completely 
known parameters. 


er) which can be calculated if we know the 
threshold value Inorog of the detection param- 


eter. The magnitude of gq is determined by 


porog 
means of the detection curves. 
Assuming, for example, that we wish to achieve the probability D 
= 90% at F= Fo = 1073 at optimum detection of a square radio pulse 
with the duration Ts with a completely known parameter. By means of the 
curves of Fig. 6.2 we find Gporog = 4.4, which corresponds to an energy 


of the threshold signal of 
. 1 t 2 
Jaoper = TNF napoe = 9,7N,. 
The power of the threshold signal then is 


as Be 2 N 
sett = NG anor = 9,7 =o, 





Puopor = = 


172. 
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If the power of the signal FP. > PF 


porog or its energy is 9 > 9 


porog’ 
then at F = Fy the value is D > Dp. 

The detection parameter q==V23/N, Gepends solely on the signal en- 
ergy and the spectral noise density. Hence it is iniaterial which form 
the signal has, pulsed or continuous, and by which law it is modulated, 


and the possibility of detecting it at optimum reception with given 





values of D and F is determined only by the ratio of signal energy to 


me RRO LARTER ENN a wi 


| spectral noise density.* The latter conclusion is of fundamental sig- 


nificance. 
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§6.3. CHARACTERISTICS CF OPTIMUM DELECTION OF SIGNALS WITH RANDOM INI- 
TIAL FHASE AND RANDOM AMPLITUDE AND INITIAL PHASE 


. are 
SE peeahe at 


With optimum detection of a signal of the above discussed form the 


| quantity t=Vr+e is calculated and compared witn the threshold Zo: 








Then we have 


Aa= Fy) raltrde, 


where, in turn, 
y(t) =Bx(t, B) a(t) 
x(t, B) ==, (4). cos 8-5 (#) sin B, 

where p(B)=-6(B—1) is valid in presence of a signal with random initial 
7 phase (B = 1); p(8)=2B8e-" in presence of a signal with random amplitude 
and phase (Bo = 1); p(B)=2(8) in absence of a signal (B= 0). 

For any fixed B we find in analogy to the results of the preceding 

section 


B3 cos, 


Za==B { x(t A) asa(tdt =| ara 
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The random quantities 24 and Zo are not correlated, because their 
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mixed central moment 


—2)%—2)= 5 dt frwae-, (1), (s) ds 


—c =~ 


is practically zero. In fact, by using [(9) §4.4] and integrating over 
Ss, the double integral thus found can be reduced to an expression of 


the form 


o 


ef x, (t)%4(t) dt, 


0 


which contains as cofactor the integral of the product of the two os- 
cillations phase-~shifted by 7/2 with slowly varying amplivudes and 
phases, which is practically zero. 

Using the uncorrelated condition of the quantities 24 and Zo and 
the normal law of their distribution, we obtain the two-dimensional 


conditional probability density 
Plt 2,[B, B)= p(z, |B, 8) a(z,[B, Ae 


ent (2, —z,) 
2 
= . e % > 
dey : 


Assuming that z,=Zcosp and z,=Zsing , where Z=V 242, we go over 
to the new variables of the two-dimensional propability density 
8(2,,24) 
PZ, ?|P, B= pl 2, |B, 8) a rm ’ 
where 


diles'2) cos ¢ sing = 7 
a@y) —Zsing Zcos? 





which is the Jacobian of the transformation. 


This probability density will be 
2+ BA 2RZ9 cos (¢—$) 


ad 22 
2(Z.9|p, B=saze - (1) 


Integrating it over ? and using [(9) $3.3] we find the one-dimensional 
conditional probability density Z in presence of a signal with fixed 
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Averaging with respect to B and B, we find the expression for the 
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sought-for probability density 


2% 0 
. P(2)= se(aB(p(Z1B, 8) (8) 4B. (3) 


® @ 
0 0 


Actually this probability density is conditional because its form 








varies depending on the distribution p(B). Hence the further calicula~ i 
tions must be carried out separately depending on the condition of 
presence or absence of signal and the form of the signal. By substitut- 
ing the corresponding expressions for p(B) and carrying out the inte- 
gration, we obtain: 
a) in presence of a signal with random initial phase [p(B) = 
= 6(B-1)] 
_ Ben : 
. : PalZi=Ze “s (Zs (4) 
b) in presence of a signal with random amplitude and initial phase . 
[p(B) = 28." ; 
~ 2 8 
Pes) = aa =e Pas (5) 
i ec) in absence of a signal [p(B) = 5/B)] | 
: t 924 
Pa(Z—= Ze (6) : 
‘ 9 
! 


We observe that under the conditions b the integration is carried out 


Snel 


by using the table formula [(7) §3.4]. 





Figure 6.3 shows the curve Pop (2) of the distribution Z in pres- 


4 

ence of a signal and noise and the curve for p,(Z) corresponding to the 
| 

4 
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presence of roise only. The curve Pp (2) has been plotted for the rela- 
tively small q = 2. The greater the detection parameter g, the more do 
the curves Psp (4) and Pp (2) differ. 

The shaded areas under the curves in Fig. 6.3 to the risht of the 
abscissa Zo correspond to the correct detection probability D and the 
false alarm probability F. Then 


q*+s® 


D=(pen(Z)dZ=(sh,(qs)e * ds, (7) 
. % bl 


2 
% 


P= [pateydzm| nase Pe (8) 


detection curves D(q) and the connection between the parameter of this 
family gg and the false alarm probability F. If, using (8) we express 
q via F, we obtain an expression for the family of detection curves, 


whose direct parameter.is the false alarm probability F: 
"1 @0 ots? 
D= | s/,(gs)e 2 ds. (9) 
21 (JF) 





where %=~— | 

The relations (7) and (8) respectively define the family of the 
Figure 6.4 shows the curve Pop (2) of the distribution of Z in 

Eresence of a signa]. with random amplitude and initial phase and noise i 

and alsc the curve Py (Z) which corresponds to the presence of nco_se on-~- 

ly. The correct d fection and false alarm probabilities correspond to 


the shaded areas and wiil be: 


; > 6@ 
=(p,(Z)dZ=e ?. 


_ 2 
=} Pen (2)dZ =e ee oe , 
z ; 
J (12) 
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Excluding q, from the relation (10) by means of (11), we obtain 
{ 
Daren, (12) 


Figure 6.5 presents the calculated detection curves for three cas- 
es: 1) a signal with completely known parameters; 2) a signal with ran- 
dom initiai phase; 3) a signal with random amplitude and initial phase. 

The curves for the second and third case were calculated by means 
of the formulas (9) and (12); the curves for the signal with completely 
known parameters correspond to the curves presented earlier in Fig. 


6.2. The curves for the signal with random initial phase are shifted 





Fig. 6 3. Curves of 
the conditional prob- 
abllity densities 

Pp (2) and Psp (2) cor- 


responding to “he de- 
tection of a signal tection of a signai 
with random initial with random amplitude 
phase. and initial phase. 


Fig. 6.4. Curves of 
the conditional prob- 
ability densities 

Pp (Z) and Psp (2) cor- 


responding to the de- 


Qe 


relatively to them to the right, i.e., in this case a greater signal 
energy is required for achieving the desired qualitative detection 
indices. 

The curves for the signal with random amplitude and initial phase 
are particularly strongly shifted to the right in the range of large 
values of correct detection probability. This is connected with possi- 


ble fading in presence of random signal amplitudes. In order to attain 
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Fig. 6.5. Detection curves for the signals: with 
completely knowr parameters (dash line), with ran- 


dom initial phase (dotted line) and with random 
amplitude and initial phase (thick lines). 


sufficiently high correct detection probabilities in presence of such 
fading, a considerable increase in the mean signal onergy is required. * 
Conversely, at low correct detection probabilities (D< 0.2) amplitude 


fluctuations facilitate detection and the curves are shifted to the 
left. 


§6.4, DETECTION CHARACTERISTICS OF AN INCOHERENT PULSE PACKET WITH 
LINEAR- QUADRATIC AND DIGITAL SUMMATION 





Let us turn to the detection characteristics for a signal in the 
form of a packet of incoherent radio pulses. 

It was shown in §4.9 that the law of optimum post-detection proc- 
essing for a nonfluctuating packet can be approximated to a quadratic 


or linear relationship. The quadratic approximation is correct for low 


; 


signal-noise ratios for every pulse, for example, when their energy is 
of the same order (or even less) than the spectral noise density. Con- 


versely, the linear approximation is closer to the optimum for large 
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excess of the energy of each pulse over the noise energy. 
Quadratic processing is always optimum for a fluctuating signal. 
We observe that a widely used summator such as the screen of an 
electron beam tube approximates the square processing to a certain de- 
gree. The nature of the processing depends also on the operating regime 
of the detector (linear, quadratic). 
The voltage at the output of an ideally quadravic summator can be 
represented in the form 
USU+UR +... Uys 
and that for a linear summator 
U=U,+U,+...+U,y. 
yo Uno ees Uy are the amplitudes of the first, second and Mth 
pulse, respectively. In the absence of a signal these amplitudes are 


Here U,, U 
independent random quantities, obeying the Rayleigh law. In the pres~ 
ence of a signal the distribution of each of these amplitudes varies. 

Knowing the distribution law for each amplitude, we can find the 
probability densities Psp (U) and p,(U) for the magnitude of U in pres- 
ence and absence of a signal, respectively.* 

Integrating the probability densities Psp (U) and Pp(U) within the 
limits from the threshold value Uoorog to ~, we can find the correct 
detection and false alarm probabilities and estimate the gain obtained 
by incoherent summation of M pul.ses as compared with the case of single 
pulse reception. 

The calculation curves for the estimation of the gain from inco- 
herent summation of a nonfluctuating packet with a rectangular envelope 
are presented in Fig. 6.6a. These curves have been plotted for the 


fixed values D = 0.5 and F = 10719 


» the thick line for linear, and the 
dotted line for quadratic summation. The number of summed (integrated) 
pulses M (from M= 1 to M= 10") is plotted on the ordinate, and the 
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necessary excess energy of a single pulse over the spectral noise den- 

sity at the optimum filter input on the abscissa. The amount of the ex- 
cess of 13.5 db at M= 1 corresponds to the point F = 10° and p= 0.5 
on the detection curve for the singie signal with random initial phase 

(Fig. 6.5). 

The slight difference between the thick and dotted curves in Fig. 
6.6a shows that at a low false alarm and high correct detection proba- 
bility the transition from quadratic to linear summation practically 
does not aiter the threshold signal. This means that both above-consid- 


ered forms of nonoptimum precessing approximate the optimum processing 


ys In J,(CUs), 
at high signal levels to the linear and at low ones, to quadratic sum- 
mation, respectively (see §4.9). Here C is a constant depending on the 


noise level. 
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Fig. 6.6. Curves connecting the values of the threshold energy of a 
single pulse of a rectangular cket with the number of pulses M: a) 
For linear (thick line) and quadratic (dotted line) summation (D = 90.5, 


= 
F= 10 10), b) for incoherent (thick line) and coherent (dotted line) i 
summation (D = 0.9, F 16-'), 1) Number of pulses, M. | 











= 10! on the other, are practically equivalent. In either case, the 
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The use of integration of a large number of pulses lowers the 
threshold level of the energy of every pulse in the packet. For exam- 
ple, if we go over from a single pulse to 10, the threshold level is 
lowered by 8 db, if we go over to 100 pulses, by 15.5 db and to 10,000 


Wes eta meee 


- pulses in a packet, by 25.5 db. 


ee 


An analogous curve for the estimation of the gain from incoherent 
integration is given in Fig. 6.6b for the probabilities D = 0.9 and 
F=107'. As comparison of the curves in Fig. 6.6a and b shows, the re- 


quizement D = 50% and F = 10729, on the one hand* and D = 90% and F = 


incoherent integration gives almost the same gain in the threshold en- 

ergy of each pulse, i.e., the corresponding curves in Fig. 6.6a and b 

practically coincide. It is found that if we use one of them, we can 

plot an approximate analogous curve for any values of D and F by shift- 

ing it relative to the point 13.5 db to the right or left. The shift 

' should correspond to the change in the threshold energy of a single 

. pulse when passing from Do = 0.9 and Fo — 107f to new values of D and 
F. In other words, the r lative change of the threshold energy due to a 
change of D and F is practically independent of the number of pulses in 
a packet. Writing the function relation between the threshold energy 
and the quantities Db, F and M as 


, (ii) ayec =?» Fi Me (1) 


Ne uoper 


we can use the approximation 


9(D.F.M) __ 9(D.F.1) 





, a \ 
ree ¢(Do.FenM) g(D.-Fe!) (2) 
j 

or in decibels 

be (Mig = AP (gc. (3) 


Formula (3) ean also be used for an approximate estimate of the 
influence cf harmonious fluctuatio:.sc, i.e., to make a correction for 
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these fluctuations at given D and F from the curves Fig. 6.5. 

A comparison between incoherent and coherent integration is of in- 
terest. It is easy to see that coherent integration gives a greater 
gain because the possibility of detection in this case is defined by 
the ratio of the energy of the entire packet to No: Hence when going 
over from a single pulse to 10, the threshold energy of each pulse is 
reduced 10 times Vien. by 10 db and not by 8 db, as with incoherent 
summation), upon transition to 100 pulses, 100 times (i.e., by 20 db 
instead of 15.5 db), etc. The corresponding straight line for coherent 
integration is shown in Fig. 6.6b by a dotted line. 


- Figure 6 7 is a diagram of the losses 















eC ye 
UI A in decibels during incoherent integration. 
= LH t 
& Whilst the zosses are still relatively small 
= i ae Wy aCe 
tite PC with a small number of pulses, they can be- 
a Cem TU TT til 
92460 100 = 1000 come quite marked if the number of pulses in 
b Yucas wunyarcoh A 
Fig. 6.7. Energy loss- the packet increases. For example, for 19 
es in decibels with ; 
incoherent integration pulses the loss is equal to 2 db, and for 
as compared with co- ma 
erent (D= 0.9, F = 100 pulses, the losses amount to 4.5 db. 
 & = 10 rly. a) Loss, db; This notwithstanding, the gain from in- 
ef b) number of pulses, 
i M. coherent integration of the pulse packet 
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must be used in all cases where coherent in- 
tegration is not possible. 
an conclusion let us examine the detection characteristics of an 
incoherent packet of radio pulses with digital accumulation. 


We shall assume that the detection is achieved by means of a two- 


threshold circuit working in accordance with the law n out of m, where 


the number m is equal to the number M of pulses in a packet. This | 
means that the decision concerning the presence of a target is taken if 


more than n pulses from M possible exceeds a certain amplitude thresh- | 
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old. In other words, the linear or quadratic pulse summation is re- soit 
placed by counting the number of pulses exceeding the thresholda. Fe 
Assuming the pulse packet to be rectangular, we designate the > 


probability of the threshold value Do by any pulse of the packet being 
exceeded and the probability of thls threshold being exceeded by a 





false pip Fo: We observe that all packets are detected in which the Y; 
2 YW 
number of threshold exceeding pulses Is k > n. For every k there can be ; 





k 
M 


k pulses from one such packet or of the threshold not being exceeded by 
) M-k 


C,, such packets, and the probability of the threshold being exceeded by 


the other M— k pulses will be Det ~ Do . Henee the probability of 


Ne ee ee 


correct detection is i 


M ; 
D= y) Cj.) (I~ D,)"~*. 


a=n 


(14) f 


For n= 0, Dis always 1 because in accordance with the binomial 
formula the above-written sum changes to 
[D,-+-(l— D,)}" =1. 
Analogously, 


M 
F= y CiF}(1—F,)", 


a=" 


(5) 


where the quantity n must be larger than zero because otherwise F = l. 

If the pulse packet does not fluctuate, the quantities Do and Fo» 
entering into the formulas (4), (5), can be found by means of the de- 
tection curves for a single signal with random initial phase. Then, if 
the energy of the entire packet is equal to E, one must introduce the 
energy 3jM into the calculation when determining Do on the basis of the 
detection characteristics. 

Let us illustrate the above-given relationships by means of the 


Simplest examples. 


Assuming tne detection is carrie out for a number of pulses in 
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the packet M = 2 according to the rule "two from two" which is the 
cas¢, for example, when a coincidence circuit is used. In this case 
D=DjandF=F;. 

Then, for F = 1079 ana D = 0.5, we should have Fy = 107° and Do * 

= 0.7. By means of the diagram (Fig. 6.5) we find (Fe) ag 18 db, i.e., 
(za 11,54+3=14,5 db. 

Thus, the same qualitative detection indices D = 0.5 and F= 10729 
are achieved with a threshold signal of 14.5 db as against 13.5 db with 
coherent integration. In this case the losses incurred by digital inco- 
herent processing amount to only 1 db. 

If for a number of pulses M = 2 detection were carried out in ac- 
cordance with the rule "one out of two," somewhat inferior results 
would be obtained. In fact, in this case 

D=2D,—D,, F=2F,—F,. 
applies. 

Then for F = 10°*° and D = 0.5 we should have Fy = 0.5-107*° and 
Do ~ 0.3. By means of the curve (Fig. 6.5) we determine (Gr),= 8 db or 
(az), 1 db, i.e., the Losses have increased. 

Let us present the analogous relations for the rule "n out of 
three": 


for the rule "one out of three" 


D=3D,(1—D,)*-+-3Dj (1 — D,) 4 Dp 


for the rule "two out of three" 


D=3D;(1—D,)+ Dj; 


4 


for the rule "three out of three" 
> 


D=D}, 


As a more detailed analysis shows there exists for each M an opti- 


mum value of Nopt? for which the gain as compared with coherent inte- 
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gration is a minimum. Figure 6.8 shows the loss curves 


post-~detection integration as a function of the number 


10° 


pulses forn=n n= latFe= and D= 0.5. The 


opt 


dicates the design loss curve for quadratic pulse accumulation. Using 


these curves one can estimate the losses in digital post-detection in- 


tegration at m M. 


If the number of accumulated pulses is m < M, there will be other 
losses in addition to those connected with the application of the rule 
"n out of m." These losses can be roughly estimated in the following 
manner. The relation m'! = M/m gives the number of independent observa- 


tions, at each of which detection is carried out. The situation is 
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Fig. 6.8. Energy losses in deci-~ 
bels during Gigital (thick 
lines) and quadratic (dotted) 
accumulation. a) Losses; db; b) 
number of pulses, M; ¢c) opt. 


somewhat analogous to that obtaining with detection according to the 
rule "1 out of m'." Hence a rough estimate of the additional losses can 


be obtained from the diagram Fig. 6.8 if m' = M/m is plotted on the ab-~- 


scissa and the count is carried out along the line n 
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§6.5. QUALITATIVE INDICES OF OPTIMUM MEASUREMENT OF THE PARAMETERS OF A 
SIGNAL WITH RANDOM INITIAL PHASE (GENERAL CONSIDERATIONS) 


The mean risk equal to the root mean square of the measurement er- 


ror, 


=e sla. alt (1) 


“1 


has been chosen as the basic qualitative index of optimum measurement 
of the parameter a. 

Because a systematic error is absent with optimum measurement, the 
expression (1) characterizes at the same time the magnitude of the er- 
ror scatter. 

The formulation (1) implies an averaging of a double kine (see 
§1.6), namely: with respect to the possible values of the parameter a 
and the possible values of the estimate of a*. The precise value of the 
optimum estimate corresponds to the center of gravity of the post-ex- 
perimental distribution 

Boy = M, fay (t)}. (2) 
The averaging (1) can be carried out in any desired sequence. If we 
carry it out first with respect to a for the fixed realization y(t), 
and this means, also for the estimate of Spt? the root mean square er- 
ror thus obtained will be equal to the scatter of the post-experimental 
distribution D{aly(t)}, as in §1.6. By averaging this value with respect 
to the possible realization y(t) we can obtain the quantity ae 

Let us limit consideration to signals with random initial phase 
against the background of a superposeG white Gaussian noise. The equa- 
tion {(16) §2.7] of the curve of the post-experimental probability aen- 
sity during the measurement of the parameter a of such a signal can be 


represented in the form (see §3.3) 


-0 oz 
Plaly(t)l=K,pla)e ep. (2), (3) 
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Here the quantity Z=2Z[y(t)Ja) is eyval to the modulus of the complex i 


correlation integral oe 


rt 








oe ‘ 
V(t)X*(t, a) dt |. (4) 
=o be 
f/ Substituting 
¥()=X(t,a,)+ NO, 
where Oy is the true value of the parameter, unknown to the observer, 
| 
into this integral, we can separate the signal. and noise parts ’ 
1 eo 
L2=F X(t, «,) X* (t, a) dt, 
- (5) 
"oO 
Zu=-7 | N(QX*(t, at. 
“° (6) 
Then 
Z=|Z.+Zzl- (7) 
One of the possible relations of Z and a for a certain realization 
y(t) is shown in Fig. 6.9a. This diagram corresponds to the case in 
‘ which the detection parameter is q = VF>i. If it is assumed, for ex- . 4 
ample, that the lag time is measured, the curve (Fig. 6.9a) can be re- ; 


- wwf 
:- 
5 


garded as the envelope o* the summary signal and noise voltage at the 
optimum filter output as a function of time. The corresponding curve of 
the post-experimental probability density is shown in Fig. 6.8b. The 
signal peak which is already noticeable in Fig. 6.9a is more pronounced 
in Fig. 6.9b.. This is in consequence of the fact that the relation 
Ig(u) is close the exponential, and u = 22/No in the region of the peak 
is considerably greater than unity. 

The corvesponding curves for the case q < 1 are shown in Fig. 


6.10a and b. Here we have in mind that the signal is weak and hardly 


+ ate Bae - 


3 
visible amont the noise pips. In expression (3) we then have e Mewl, 
It is important that there is also Ip(u) = 1 because u = 27/No << 1 is 
- 187 - ! 
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Fig. 6.9. Example of the rela- 
tionships Zy¥@id=—2@ and 
Pely@j at q >t. 


valid ‘onine to the smallness of the expected values of X(t, a) in rela- ' 
tion (4). Hence the small pips Z(a) are almost completely obliterated 
after the operation Ip(u) (Pig. -6.13:)% 
It follows from this that the approximate equality pfaly(t)]~Ky p(a), 
where the magnitude of the constant Ky is found from the standardizing 
condition, is fulfilled at very small values of the expected signal 
qa<¢ i. Integrating the right and left parts of the equality within in- 
finite limits, we aoeaih K. = 1. This means that the post~experimental 


y 
probability density is equal to the pre-experimental: 


 plaly Ol es p(a), (8) 
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Fig. 6.10. Example of the re- 
lations zy(@is=2@ and 
Plely) atq<i. 
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Fig. 6.11. Explanation 

of the smoothing out of 

the pips in the curve 
plely) atq<<l.- 


i.e., a very weak signal practically does not give any information in-- 
erement. The scatter of the BOSECARBSH CREA distribution also coin- 
cides with the scatter of the pre-experimental distribution. For rec- 
tangular approximation of these distributions, as in §1.6, it is equal 
to 

Delo er. (9) 


Because the magnitude of the scatter is independent of the realization 


y(t), we obtain after averaging for the realizations that we also have 
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Let us now go on to an analysis of the post-experimental distribu- 
tion for another extreme case, the case of a very strong signal (q >> 
>> 1). The area under the post-experimental distribution curve (see, 
for example, Fig. 6.9b for q > 1) is divided into the area in the re- 
gion of the peak (a = A) and the area along the "noise track." Relia- 
ble measurements are possible only if the first area is considerably 
larger than the second, which is the case with a fairly strong signal. 
Because of this circumstance, we can use of approximation of the entire 


curve plaly({)] its approximation in the vicinity of the peak, which de- 
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Greases fairly rapidly on both sides of it. | 
In this vicinity, the argument of the modified Bessel function is 
u= 22/No >> 1, so that we can use its asymptovic expression 
eo. 
I,(u) = rm ; (10) 
4 . 
‘ 


By virtue of the exponential nature of tne relation (10), rela- 


tively small increments of the argument u can lead to considexable mod- 






ifications of. the function Ip(u). As is evident from Fig. 6.12, a small 






section of the apex of the curve Z(a) is transformed almost into the 






whole curve / 2 2a)] . For such a small section of the curve it is easy 
: o1N,: 





to obtain a suitable approximation. If the function Z(a) is analytical, 






it is sufficient to limit this co three terms of the Taylor expansion 


Z@)=ZO)+2'@)a—a) +-7 2" )a—ai*, (11) | 





which corresponds to an approximation of the apex of the parabola. The 





quantity Z" (a9) is expressed by a negative number because the apex is 






convex. 
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Fig. 6.12. Explanation of the 
transformation of the apex of 
the curve u = 22(a)/N, into the 


main part of the curve p[aly(t)] 
at q >» 1. 
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Completing the second and third addends in (11) to the complete 
square, we transform the equation of the approximate parabola into the 
canonical form 

Z(a)==— A(z —ay)? +8. (12) 

Here «are: 


A= (4/2) |Z" (a9) | the coefficient which characterizes the curva- 
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Oy = Oy + Z*(ay)/12"(ap) | the abscissa of tne maximum (of the apex 


of the curve) which is slightly shifted with respect to A because of 


ites 


the action of noise; 
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B= Z(ay) + [Z'(a9)1°/2|2"(a9)| is the ordinate of the apex. 
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The abscissa ny corresponds to the most probable estimate of 


apt = OM 


Using the approximation (12) and the asymptotic expression (10), 
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we transform the post-experimental probability distribution (3). Owing 
to the narrowness of the peak of the curve (q >> 1) we may neglect the 
: variation of the Jenominator of the asymptotic expression (10) and con-~ 
sider that p(a) = const. We stipulate further that the quantity Ie =9 
is constant, which corresponds, for example, to the case of measurement 
of the lag time (or the Doppler shift of the frequency). The post-ex- 
perimental distribution of the probability (3) is then reduced to a 


normal distribution 


spe nh Me a ee 
. 
w 


. 


aA (ea 
| plalyjl—=ce 


oo howe 


(13) 


2 


Sen San 


The coefficient C is determined on the basis of the standardizing con- 


et 
_ 
wena 


b 
ay 
Us vy 

t 


dition 


ah 
oA 


Be 
% 


a=: 
Vine" 
where o is the standard deviation. Its square (the scatter) is found 


from the relation 
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- In the general case the dependence of the sighal energy 3(a) on the 


measured parameter must be considered. The post-experimental density 
. 2(0)~-1.3(0) 
(3) is then proportional to the exponential function e Ns =. pe GxG 


it is a function of the difference 2(e)—4-3(a) . If this‘difference is 
expanded into a Taylor series, the relation (14) is replaced by the re- 


ation 






2 eo j-[2"(@i)— 9"). (15) 

2 & If the signal is sufficiently strong (q >> 1), the modulus of the 
: correlation integral Z(a) can be replaced by the modulus of its signal 
4d part Z,(a)=|2Z.(«)|, which is determined from the relation (5). The rela- 
ig tion (15) then assumes the form 

ee ° 

| fei [Z— 4"). (16) 

rq Let us illustrate the use of the relation (16) in the case of the 
: i measurement cf the amplitude of a fairly strong signal. In this case 


X (t,2) = 30, (t) » where the function Volt} describes a signal with a single 


eo 
I= } [Ulta 
; —oo 
the modulus of the signal part of the correlation integral will be 


—< a,a5,,, 


Ze(0)= =H fs U,(t) a, (t) dt 





ana the energy of the expected signal 3(«)==a'3,. 


reer, aa AR ae sete er ve nage en 


From the relation (16) we obtain 


amplitude. If we designate the energy of the latter by 
from which follows 
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The raght part of the equality (17) represents the signal-noise 






ratio at the optimum filter output at single amplitude. The result is 


not altered by the averaging of o* with respect to the realizations. 


§6.6. ERROR SCATTER OF THE OPTIMUM MEASUREMENT OF THE LAG TIME OF A 
SIGNAL WITH RANDOM INITIAL PHASE AT q >> 1 


_ Assuming that X(t,a)=U(t—a)e""™, 1.e., that the lag time is the 
measured parameter a. We consider that I(a)=J9 » L.e., we do not take 


into account the energy signal as a function of the lag time. Then at 


TS Dna wracte cen ay eth aeas + 


a >> 1, by virtue of [(16) §6.5], we have 

















I “2 om ot 
won H (a,). (1) & 
: ied 
Taking into account [(5) §6.5] and noting that |e"Me-“1 , we y . 
have 
2 1 
Zo(\=—z| [UE —s) Ut —aydt , (2) 
“eo x 
We introduce the specfiral density G(f)-of the complex amplitude 7 
: ut 
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| i.e., the lag a is taken into account as the lag factor e~** . To the 


convolution (2) of the time functions corresponds the integral of the 


- preduct of the spectral densities. Hence 
- * 
Z,(a)= af G(N)G* ema, (3) 
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In order to avoid long operations, we find the second derivative 
function Z.,(c) directly from its Taylor expansion. We obtain the re- 
quired terms of this expansion by representing the exponential function 


by a series and limiting the expansion to the member of the second pow- 


PME Lt. Daf (a abt f j2ef (@— a]. (4) 
We introduce the signal energ:’ 4 
ae (5) 


and the above-given moments of its energy spectrum, the first and 


| 
I 
second 
(fowrer 
M,=M,{f}=-3——_, (6) 
: : Slowre 
; _ = 
. = « a . 
+ [momar 
to 


7 








3 M,= M,{}}=-=3————° (7) 
J ieaear : 


oO 


By substituting (4) into (3) and using (5)-(7) we obtain the ap- 


proximation of the integral by the first terms of the series 


Zo (a) = FI 1+ j2e(a—a,) Myf [/2e(a—a, Pid, 
By vepaaegletine the moculus, we find . 
Za(0)= 9V [12M aT PM my 
Limiting the expansion to the second-order terms and using the 
formula fon the approximate extraction of the root, we find 
Z(2) = F[1 —2n*(M, — M?)(a—a,)'}. 
By comparing the expressior thus obtained with the sum of the 
first terms of the Taylor eos {[{11) §6.5] we find 
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Zo(a,)=9, 2, (a,)=0 
and 
22" (¢,) =~ 45°39 (M, — Ms). (8) 

The difference M,{f}—Mi{f} in celation (8) is analogous to the 
scatter D{a}==M, {a}— M® {a} and characterizes the width of the energy 
spectrum of the signal. If the frequency fp is taken as carrier, corre- 
sponding to "the center of gravity" of the amplitude-frequenvy spec- _ 
trum, then Af, {fy=0- The width of the spectrum is then characterized on- 
ly by the second distribution moment. 


On this assumption, we have 


The expression (1) for the scatter of the post-experimental error can 


then be transformed 


ot 
oa (9) 


where Af, is the effective width of the signal spectrum 
Afo= 207 Mish. (10) 

Thus the standard deviation o of the measured lag time is inverse- 
ly proportional to the detection parameter q and the effective spectral 
width of the signal Afs 

ar 11) 
The relation (11) is valid for q >> 1 if the relation Z(a) is analyti- 
cal in the vicinity of its maximum value, i.e., for a wide class of 
signals. The degenerate case of measurement in the case of a discontin- 
uous signal will be examined in §6.7. 

By way of an example, let us calculate the standard deviation o of 
the measured lag time for a bell-shaped radio pulse with complex enve- 
Gy 


lope U(ij=e . The spectral density of this envelope is described by 
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an expression of the form 


net? } 


Gjoue 
Then 
{re * 
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ji ‘ i ' Ant, 
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Mh}==S 


Here, we have 4}, —)z/su—Y sf and 


’ 
tn I ‘ 
6s 


ave q@hfyx ' | 
where Th and Af, respectively, are the pulse duration and width of its 








spectrum at the level e~“ ~ 0,46, 
For example, at t, = 2 microseconds (Af = 0.5 Mc) and q = 8, the 
root mean square érror of thé optimum medsurement of the lag time of a 


single bell-shaped pulse is om enol microseconds. 


§6.7. DEGENERATE CASE OF LAG TIME MEASUREMENT AT q >> 1 \ 

Assuming that the lag time of a radio pulse with a néakeseuiae en- 
velope is measured. In this case we cannot use the parabolic approxima- 
tion [(11) §6.5] bécatise the function Z, (a) corresponds to a rhombic 
envelope at the optimum filter output and has an inflexion at the apex. i 


We can, however; introduce the linear broken approximation (Fig. 6.13) 


a ee i er po 
(1) 


The principle of this approximation consists in 





Fig 6.13. Lin- neglecting the noise component. Moreover, the de- 


ear broken ap- 
proximation of 


Z (a). extended to the region |a—a]>t... The values of the 


scription of the apex in the region |a—a,|<, 1s 





post -experimental probability density in this re- 
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gion are still small. However, the approximation (1) for this region 
gives a negative value, The exponential function of this quantity tends 
to zero in proportion to the increase in the ratio le=sl 

Using approximation (1), the expression for the post-experimental 


probability density can be represented in the form 


_23 lense 


pialy(jl=xe “ , 
where the coefficient K is determined by the standardizing conditions. 


The scatter of the post-experimental distribution then is 
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Thus, the standard devi.ution oni in this case proves to be in- 
versely proportional to the square of the detection parameter g=— . 


Replacing the pulse energy 3 by its power P and the duration Ts» We 
find 


J, NYT a Vz: NN 
ee ee (3) 


The quantity o thus obtained which characterizes the potential errovs 
of the measurement, is independent of the pulse duration and is deter- 
mined only by its power. 

The above-described relation must be treated with a certain cau- 
tion when the rectangular approximation of the envelope is applied to 
real radio pulses with flat fronts. The smaller the calculated quantity 
o, the greater are the requirements for the steepness of the fronts, 
i.e.;, the closeness of the real to an ideal pulse. 
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§6.8; THRESHOLD EFFECT IN MEASUREMENT 

If the detection parameter g is fairly large, the peak area of the 
post-experimental distribution curve exceeds considerably the area 
along the "noise track." The magnitude of the standard deviation o then’ 
varies relatively slowly as a function of q (as 1/q in the nondegener- 


ate case and 1/a° in the degenerate case). If gq decreases, the area | 





Fig. 6.14. The relations o = o(q) 
(thick line) and 0) = 9, (a) (dot _ 


| 
| 
| 
| 
} 
| 

ted line), plotted with and with- 

out taking into account the noise ° 

tracks. 

along the "noise track" becomes commensurable with the peak area. The | 

| 

measurements become unreliable, the magnitude of o increases rapidly, | 

considerably exceeding the values caiculated in §§ 6.6-6€.7. The meas- | 

urement errors are then due not so much to the Superposition of the | 

noise on the signal as to the effect of the spurious noise pips, i.e. 

the effect of tialse alarm. This effect is the more noticeable, the 

wider the possible limits of parameter measurement. 

Assuming a rectangular law for the pre-experimental distribution 

of the parameter a, the measurement limits can be characterized by the 

ditfererce Me — Ay. Having in mind the measurement of the lag time, we 


designate the difference A, - a = T. Whilst at a large g the standard 


deviation o is of the order of 1/q4f, » at small gq it is close to 7//12 
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i.e., 1¢ varies approximately qrar, times. This quantity can be very 
large and thus at relative.y small changes of q, a sudden variation of 
o is observed (Fig. 6.14) as soon as q comes near to its threshold val- 


Ue To orog’ 


In order to estimate this phenomenon quantitatively, we approxi- 

mate the resulting post-experimental distribution curve 
Plely (= Pe (e)= PrPale) + Paral} (1) 

Here the probability density P, (c) approximates the distribution law in 
the vicinity of the peak, and the probability density Po (a) the dis- 
tribution law which applies to the “noise track." The probabilities Py 
and Pos whose sum is equal to unity, describe the ratio of the areas in 
the region of the peak and the "noise track." The approximation Po (a) 
can be taken as rectangular and without beak in the peak area, because 


in this region Po << p, even atq=q » provided that Taf, » 1. 


porog 
Let us connect the scatter of the resalting distribution with the 


scatter of the partial distributions of = Dia}. To this end we calcu- 


late the first and second moments of the resulting distribution 


M, {3} af © Py (2) de = PyMy, {8} + Pais {4}, 


M, {2} = j Sp ()dz= PM {*} + PaMas {*} 


Here M and Myo are the first, and Moy and Moo the second moments -cf 


ll 
the corresponding partial distribution. By means of the first two mo- 
ments we can calculate the scatter 
Dye} = My — M3} =m (PyMay + PaMas)— (Pafar + PaMtas 
Introducing the scatter of the partial distributions Dj {%} = Moy - 
— We, , Do{0} = Mp5 — Mey and using the obvious equality P, = 1 — P,, we 
obtain 


D{o}=(1 — PSD, fe} + PLD, fo} (1 — Py) Pala {*}— Ma {}]*.! (2) 
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If q >> 1, then P, = 0 and D(a} = Di (}; however, if q << 1, then 


P, #1 and Dia} = Do} i.e., the measurement is entirely unreliable. 


2 
Hence the quantity Po is termed measurement unreliability coefficient. i 
In order to estimate the unreliability coefficient Pos we proceed 
in the following manner. Starting out with the relation [(3) §6.5] we 
represent P, in the form 
eer) AN 
Ph te (qe) ; (3) 
‘ 
where the factor is A=Ke ™ and 1, (i)- is the mean value of the mod- 


ified Bessel function within the interval of the "noise track." The 
factor > is found from the standardizing condition P, + Po = 1. Taking 
into account [(3), (10), (12) §6.5], we represent the quantity P, in 


the form 
em 2 


=" [8B— A (o~a, ¥} 
N Ne” = 
aaiV oe je" “s 


ae 


ped spagee 
The mean value ne) within the interval we replace by the mean of 
the set a(ie) at an arvitrary point of the interval, which can be done 
by virtue of the stationary nature of the process on “noise track." Us-~ 
ing the expression of the Rayleigh law payne ° , where “= YONAE> 
and the integral representation of the Bessel function [(9) §3.3], we 
obtain after substitution of u = 2/vo 
< . at 
wf te (fe) eal2yaz = a as {- oF Fad 
“.@ e 9 
Going over from the polar to Cartesian coordinate, we find finaliy 
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Thus, 


























Pym dTe?. (4) 


For the calculation of X% we have the equation 





al res Hi fan (5) 
where the coefficients A and B are determined in correspondence with 
§6.5. Assuming tentatively in the region of the peak 2()=Z,.(), and taking 
into account that Z@)—0, we obtain [see (8), (10) §6.6] 
| AS F120 ed = FOE, 
B= Z6(2,) = 3. , 
Determining from (5) the factor 2X and 
substituting it into (4), we find the final 





expression for the unreliability coefficient 
amp (6) 
f The curve for the unreliability coefficient 
Fig. 6.15. Curves of in the function q for two values of the »prod- 
. the unreliability co- 
efficient P, = P,(a) uct TAf, is represented in Fig. 6.15. 
See rat. of the Because normally 7a;,y1, the reception 
threshold is reached even at small values of 
the unreliability coefficient, when TAfgre-*e1 . In this case the expres- 
Sion for Ps can be represented in the form 
Par Tapaghe*P, (7) 
Making use of the relation (7), we estimate the increase in the 
scatter, due to the increase in the unreliability coefficient. Suppos- 
ing for the sake of simplicity that the measured value corresponds to 
the center of the range of expected values, we assume in the formula 
(2) 
Mu {t} = Mu {e}. 
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Substituting in this formula 
i eer ye 
Ds {e} maim Fon 7 D, {0} = a = Ty 


we find 














_ f 2 “1 was 
FD (ols grag t ig alate 
or 


uta, (8) | 


The curves o°/oe = const are shown in Fig. 6.16 in the coordinates 
Tf, and g. These curves attest to the presence of a threshold because 


relatively small changes of q can lead to marked changes in 0° 


- For ex- 
ample, a variation of gq from 7.5 to 6.8 at TAf, = 1000 results ina 
variation of the ratio o°/ae from 1.1 to 10. 
The pzesence of a threshold is due to the exponential nature of 
the dependence of the ratio of the peak area to the area along the 
noise track, which follows directly from the graph (Fig. 6.12). The : 
levei of the threshold depends on the product TAf,, characterizing the 


number of resolved elements. This relationship is nearly logarithmic. 





Pic. 6.16. The curves q = a(TAf, ) 


for different values of the rela- 
tive increase in the scatter - 


o°/oe due to the influence of the 
noise: track. 
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Tne above-given analysis refers only to the simplest Single signal 
with random initial phase, but the regularities which have been demon- 
strated apply to signals of a wider class, including signais in the 


form of packets of radio pulses with independent initial phases. 


§6.9. ERROR SCATTER OF THE OPTIMUM MEASUREMENT OF THE DOPPLER FREQUENCY ~ 
FOR A SIGNAL WITH RANDOM INITIAL PHASE 


Let us examine the case in which the measurea parameter of a sig- 
nal witii rancom initial phase is a Doppler frequency,‘’i.e., X(i,a)== 
= Yithe""™ | Assuming that q > a ovoe and that the measurement is nonde- 
generate, i.e., that the second derivative Z"(a) exists and is a finite 


quantity, we find the error scatter of the optimum measurement from the 


relation [(14) §6.5]. 


i 
The calculation results are analogous to [(7), (10), (11) §6.6]. 
The standard deviation of the measured value is determined by means of 


the formula 


I 
a ——w, 
FP FBtons (1) 


where At oxy is the equivalent Signal duration. 
At M.{}=0, 1.e., when the time reading is carriéd out from the 
"center of Bragity® of the envelope U(t), we have 
Moxa = 22M, {t.. (2) 
Here M,{i}- is the reduced second moment of the Signal energy dis- 


tribution in time 
e& 
J eiverat 
M,{}==S . (3) 
§ive@rae 
—" 





fhe greater the signal duration, the greater is the quantity M, {t} 


and At oy? i.e., the smaller is the standard deviation of the measured 
value _of the Doppler frequency. — 
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As an example we calculate the standard deviation of the Doppler 


frequency in the reception of a bell-shaped pulse with the envelope 


«(t-\)% aD 
U(jse (sy. where t, 1s the pulse duration at the level e ‘=046 . In 


this case we have 





Ps M, (= (zy ast, ! 
fe ‘al ae 
He . ° | 
and 
bf, =:V Int, 
Then 
3 Bee \ 
- qo Zs r 


For example, if t, = 1 msec and q = 8, then On = 50 cps. 


We must pay attention to the fact that all the relations given in 





ie . this section refer to a case in which the lag time is accurately known. ‘ 


If the lag time and the Doppler frequency are unknown, the measurement 


mensch st, Mi en ARE RU EIN oe an ae 


result depends essentially on the structure of the so-called ambiguity 
diagram of the corresponding radar signal. These diagrams will be con- 
Sidered in the next chapter, which begins with a detailed analysis of 
the required calculation relations. An analysis of the errors in simul- 


taneous measurement of two parameters is given in Appendix 2. 
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Manu- 
seript a 
Page [Footnotes | 
No. ‘ 
173 If F, = mF = const << 1 ({§1.1) is given, and if F decreases 
with increasing m, then gq increases but only logarithmically 3 
(see Figs. 6.2, 6.5). 
a78 or a transition to the emission 3 a main signal at two or 
more carrier frequencies (see §3.6 and Appendix 1). 
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179 An example of the calculation for quadratic summation is giv- 
en in Appendix 1. 
181 The probability F = 19716 corresponds to a single microsecond 
false noise pip in three hours of continuous speration. 
194 Replacing G(f) by its expression via U(t) we can also snow 
‘ that 
eo 
f wraye ae 
- My => e 
{ weir at 
» =e 


[Transliterated Symbols] 


170 m1 = p = pomekha = noise 

170 c = s = signal = signal 

172 mopor = porog = threshold 

172 u = i = impul's = pulse 
. 185 ont = cept = optimal'nyy = optimum 

186 CKB = skv = srednekvadratichnyy aS oiee 
- 194 39 = E = energiya = energy 

195 3 =es= effektivnyy = effective 

203 eKB = ekv = ekvivalentnyy = equivalent 
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Chapter 7 ! 
AMBIGUITY DIAGRAMS OF RADAR SIGNALS 


§7.1. FURMULA FOR OPTIMUM PROCESSING OF THE RADAR SIGNAL WITH TARGET 
MCTSON CONTROL 


Let us examine the expression for the reflected signal from a 
point target 
lt) =u (b — by) =U (6 — tas) C08 0, (¢ — bas) + (1) 
+e¢—ter)+8], 


where 
. bot is the present lag time, 
U(t) and o(t) are non-random functions, 
6 is the random initial phase. 
The quantity tye is a function of time if the distance r(t) 
to the target varies during the sweep interval. The expected function- 
al relationship can be conveniently expressed by using the Taylor ex- 


pansion for r(t) 


bat==— 2 [OE OES MOt+...| 
or 
tats tet... (2) 

Here we use the initial moment of the target sweep as the time 
reading reference t = 0; the quantities t 2? Vr and a, are the initial 
signal lag time, the initial target velocity snd its initial acceler- 
ation in a radial direction, respectively. 

For most radar signals the fun:tions U(t) and 9(t) vary slowly as 


compared with the high-frequency oscillations : cos wot or .sinaoet . Hence 
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the present lag time variation tot does not vary greatly during the 
sweep: 

Ul—t)=U (tt, — tHe...) eu Ab) 

et —ta=9 (tot, — et ser...) = 9(f—t,). 


Assuming further by virtue of the short duration of the sweep 


that 


2 
a,t* < = ? 


> Se, SNS mee 


we can neglect the influence of the acceleration on the phase of the 
high-frequency oscillations. Expression (1) then assumes the form 


#(t)=U (—t,)c0s {(, 04) +9 (t—te) 43}, (3) 
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where 0, =o, 2. is the Doppler frequency, and §=0@-wf,_ is the in- 


wren 5 eee 
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itial phase which is generally a random equal probability quantity. The 
éxpression thus obtained describes the signal with a random initial 
















phase and two unknown measurable parameters t, and 4. 


The expression (3) can be transformed thus 


RN 
Sp henahh 
? 


£() =x, (t)cos Bx, (sin B, (4) 


where 


| 
5 
Ha =TX (5 fol + oe (t)) (5) 
| 


| 


In the case under consideration 


X(@)=U(t—4), ° 6 
Geet ood. ( ) 


For optimum detection and measurement, the magnitude 
* ; ve bi 
: Z=l>[raxewat]. (7) 
= 
must be calculated. 
Here V()=Y (je and XH=x(ye” are the complex amplitudes of 
3 


the received and expected oscillations. Taking into account (6), we 


present the expression for X(t) in the form 
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X(t U FFs )e e *=U(t—t)je"*. 


By substituting this expression in (7)s we obtain the formula for 
the optimum signal processing with the target motion being taken into * 


account 


zal J rmore—toe™ at (9) 


It must be remembered that the quantity Y(t) represents the sum 
of the complex amplitudes of signal and noise . 


¥()=Ut—te +N, (10) i yy 
where too and 256 are the true lag time and Doppler frequency of the 
useful signal (at the moment t = 0). 


In order to decide on the presence of a target, it is necessary 





to compare for every pair of expected values t, and a the quantity 

Z = Z(t,, 2,) with a certain threshold level. If the threshold is ex- 
ceeded for any range of the values t, and Qa, the presence of a target , . 
is assumed. For the evaluation of the true values of the measured para-~ 
meters those values of t and OQ, are then used for which the magnitude 
of Z is a maximum. ‘The operations which are essential for the computa- 
tion can be carried xut automatically, by. means of correlators or op- | 
timum filters or both simultaneously. ! 


Depending on the actual signal shape, the degree of accuracy of 














the estimation of the lag time and Doppler frequency will differ. For 

some signals the function Z(t,» 94) will be more smooth, for others it 

will have a sharp peak. If noise is present, the measurement in the 

first case will not be very accurate, in the second Sane it will have 

a@ considerably greater accuracy. This funcvion characterizes not only 

the measurement accuracy but also the resolving power with respect to 
- 208 - 
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distance and speed. * 
The problem is to determine the properties of the function 
Z(t,. 25) for signals with different shape, which will be referred to 
in the following as ambiguity function. 
§7.2. AMBIGUITY FUNCTION AND NORMALIZATION OF THE AMBIGUITY FUNCTION 
We transform the expression [(9) §7.1] for the function Z(t, 24) 
by substituting in it [(10) §7.1] as has been done in chapter 6: 


Z (ts, O3)=[Ze(ts, O3)-+ Za i(ta, O;)|- (1) 
Here 
eo ; ~ 
Ze (la, Oy)—= + f U (l= tay) Ut if — taf M2! a, (2) 
om ie se i2,e 
Zullo O=Z (NOU E—L)e at. (3) 


In the relation (2) we carry out a substitution of the variables 


i=, : 
0,=0,,+2F, j (4) 
and examine the functions 
YF] Ze tag + ty One 2zF)j, (5) 
Ww (s.F) (6) 


o(e l= a 

The functions ¥(t, F) and p (t, F), calculated for signals of ait- 
ferent shape, we shall term ambiguity functions and normalized ambigui- 
ty functions, respectively, of these signals. In place of the term am- 
biguity function, the term auto-correiation function of the signal (some- 
times modulation correlation function) is also used. 


Using the relations (2), (5), we have 


E(<, F)= 








+ § Ut bay) Ut Eta — 1) dt 


After subsitution of the variables t = t,, + s and gubstitution of 


ZO 


je“ j=1 it becomes obvious that the function ¥(7, F) is independent 
of the initial values t,, and Qa0: 
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The ambiguity function ¥(t, F) has the important property of 


central symmetry . 
W(—+, —S)=¥ (s, F). (8) 

This can be verified by replacing in (7) -t fort, -F for F and 
substituting the variables t = s+ t. Nothing that je.) , we ob- 
tain 


typ ~jteFt 
¥(—, —A=|-7 J Ut VUtHe” at|. (9) 
° ‘ —2 
The right parts of the equations (9) and (7) are identically equal 
as modules of complex conjugate expressions, which leads to formula 
(8). 
The normalized ambiguity function p (t, F) 1s determined by the 


relation (6) and in correspondence with (7) assumes the form 


: *7,e 
"| Suure—ye™l de 
p(s, F)= = 0 ° (10) ‘ 


oe Jivwrds 








The normalized ambiguity function p (t, F) also has the property 


TT amt Hee aie 


eee 


of central symmetry 
p(—t, —F)=p(s, F). (11) 
In addition to the normalized ambiguity function p (t, F), the 
normalized ambiguity function p°(, F) is used sometimes. The values of 


this function do not exceed p°(0, 0) = 1, and it also has the proper- 


ay 


ty of symmetry, i.e., p°(-r, -F) = e“(t, F). As will be shown in §7.4, 
the function e*(, F) has one very important property and its study is 


ee 
pram apie — 2 


thus of special interest. 
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SFe3e cee REPRESENTATION OF THE AMBIGUITY FUNCTIONS p(t, F) and 
p*(t, F) 

In the Cartesian system of Pp, Tt and F coordinates, the ambiguity 
function p(t, F) is represented in the form of a surface. Such a sur- 
face for the radio pulse with bell shape and constant instantaneous 
frequency is shown in Fig. 7.1. In this special case, we have not only 
p(-t, -F) = p(t, F) but also p(-t, F) = p(t, F). 

We shall term the surface corresponding to the ambiguity function, 
ambiguity surrace. The geometrical solid bounded by the surface p = 
and the ambiguity surface, we shall term ambiguity solid. 


Yne ambiguity surfaces and solids can be constructed not only for 
the functions p(t, F) but also for the functions e° (x, F) (in the lat- 
ter case it is preferable to use the Cartesian coordinates system p-, 


t, F). Dhe form of the ambiguity solid p(t, F) or p Pn, , depends only 


on the signal shape. 
It is important that during the construction of the ambiguity so- 


lid the noise term in formula [(1), §7.2] is excluded. If it were re- 
tained, the form of the ambiguity solid would be altered upon transi- 
tion from one actual noise to another. At the same time one would also 
observe a displacement of the apex of the solid, or, with sufficiently 
intense noise, the appearance of false apices. However, if the ratio 


of the spectral noise density to the signal energy is fixed and suffi- 


S 


tee income Se 


ciently small, the nature of the ambiguity solid in the absence of noise 


has the decisive influence on the accuracy of the parameter measure- 
ment. The more concentrated the ambiguity body is along the axis tT, the 
more accurately can the lag time and the distance to the target be me- 
asured. The more concentrated -the ambiguity solid is along the axis FP, 
the more accurately can the Doppler frequency and the radial velocity 


of the relative motion of the target be measured. 
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Hence when we study the influence of the signal form on the ac- 
eumacy of measurement of the parameters, we shall be interested in am- 
biguity solids, plotted without taking the noise term into account in 
formula [(1) -§7.2]. The latter 1s analogous to the replacement of the 
quantity Z(a) by Z,(a) in §6.5. . 
In additiou to the clinographic re- 


presentation ambiguity solids one can use 


the representation of their outline by 
means of equal-level lines as is done, 


for example, in topography. Such a re- 





presentation for the solid shown in Fig. 


Fig. 7.1. Example of 7.1 is given in Fig. 7.2, where the pro- 
Sella (ence ce eel jections of the constant level lines p = 


shaped radio pulse with 
constant instantaneous 
oscillation frequency). 


const (or p- = const) are drawn on the 


plane t, F. In this case only the two 


have been drawn. The region encompassed by the lines p = 0.5 for which 
p > 0.5, is regarded as a "high correlation" region of the received 
and expected signals. This region is shown in black in the diagram. 
The region 0.1 <p < 0.5 can be considered as a "low correlation" re- 
gion and is shown in the diagram by shading. The area of the received 


lines of equal level p = 0.5 and p = 0.1 | 
| 
| 
| 
and expected signals with zero correlation has been left without shad- | 


ing or darkening. The outline of the ambiguity solid is thus represent- 

ed by three level gradations forming the ambiguity diagram. » 
The number of gradations can be increased, but there is no need 

for this in a qualitative analysis. Hence we shall limit outselves in 

the following to the use of three gradaticns. , 
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Fig. 7.2. Standard representation of the outline of the ambiguity 
solid means of level grading. 


§7.4. VOLUME OF THE AMBIGUITY SOLID p°(t, F) 

It follows frcem the preceding discussion that it is sufficient 
for the simultaneous decrease in the indeterminacy of the metering of 
the lag time and Doppler frequency that the ambiguity solid has the 
form of a sharp peak in the vicinity of the values tT = 0 and F = 0. 

OF interest in this connection is the magnitude of the volume Vp cr V2 
of the ambiguity solid t(t, F) or p°(c, F) and the dependence of the 


form of these solids on the signal shape. 
Of the quantities Vp and Vpe2 we shall be interested in the fol- 
lowing only in V 93 which is defined by the simple relation 
Pp . 


Vaz { Fete F)dzdF. (1) 


It is found that the volume of the ambiguity solid U o2 is a quan-~ 
tity which does not depend on pha signal duration or on re law of mo-~ 
duiation of its amplitude or phase. This quantity is equal to unity for 


any signal. 
This can be proved by direct calculation of the volume Vo. By 






p 
substituting in (1) the quantity p*(t, F) from [(10) §7.2], taking in- 


to account the obvious relationship 
| f A(s) ds [ = {4 (s) ds 4" (ut) dus i} fA (s) A* (u) dsdu, 
in which the rignt side no longer contains the module sign, we obtain 
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Vy five r as] = 
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where the integral over F is reduced to the delta function. 


fen ar =3(s—w), 


~~ 


Using the properties of the delta function, we find 


v,| lus) ras] = , 
= ; i O(s) U* (s — +) U* (4) U(u — +) 8 (s—u} dsdudsz= 


—e 


j— 8 
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ame 
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Integration over t within infinite limits gives 


[TW —yUu—yde= f\Uu—yPde= 
- -e : 

‘s =fivrds, 
hence | 


vl J \verras| = 


~~ 
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=f U)itde f U(s) [ds = Jlv0oras] 


or 

Vi». (2) 
Because no limitations have been imposed on the form of the func- 
tion U(t) in the derivation of the relation (2), it holds true for any 
signal shape. 


The relstion (2) is a rigorous mathematical formulation of the in- 





determinacy principle in radio location, according to which the volume 
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of the ambiguity solid V 2 cannot be altered by any method of modula- 
tion. This solid is jake a heap of sand: by altering the form of the 
signal, we alter the shape of the heap "but canriot get -:i of a single 
grain of sand" [15]. 

It is important that with unit volume of the ambiguity solid, its 
height does not exceed unity. Hence, if we compress the ambiguity so- 
lid along the axis t, it flattens out along the axis F; if we compress 
it along the axis F, it will inevitably flatten out along the axis T. 

If it is required, for example, to have a narrow peak of the am- 
biguity solid at the origin of the coordinates t = 0 and F = 0, the 
entire remaining vclume must be distributed along the plane tT, F in 
che form of a series of peaks or in a thin layer on a large area. 


§7.5. CROSS SECTION OF AMBIGUITY SOLIDS AND CHARACTERISTICS OF OPTIMUM 
RECEPTION CIRCUITS 


Among the basic circuits for the optimum reception of a signal 
with random initial phase are the correlators and optimum filters, for 
the given signal form. Several important characteristics of these 
circuits are closely connected with the ambiguity solids of the cor- 
responding signals. 

In the correlation circuit (Fig, 4.2) with two quadrature chan- 
nels the received oscillation y(t) and the 90° phaseshifted reference 
oscillations x, (t) and x,(t) are fed into the multiplier of these chan- 


nels. If a signal with the parameters tM, is expected, then 


| AraQ= UE) © [(0,—Oa)t-+ 9th 
Logiies, Depending on the adopted realization of y(t) the fully deter- 
pea voltage 
2=V BFE, 
is produced at the output of the circuit, which is expressed by complex 
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amplitudes in. accordance with the relation [(9) §71]. - 

The performance of the circuit can be evaluated by supplying its 
input with oscillations without noise with the parameters too and Q509 
which are generally different from t, and Qos The initial phase of the 
oscillations may be random, because it does not affect the output. With 
an accuracy limited by a factor which depends on the amplitude of the 
supplied oscillation, the output effect is characterized by the quan- 
tity 


-|zf { Ut—ngUt—)e eo al dt| . 

This is nothing but the value of the ambiguity function calcula- 

ted for fixed maladjustments of the parameters T = t, - too and 27F = 
= 25 ~ 250 supplied to the input of the circuit and the reference os- 
cillations. 

Hence the ambiguity solid p(t, F) of the signal characterizes 
the dependence of the output effect for its optimum correlation cir- 
cuit on the misadjustment of the two parameters. 

If one of the maladjustments is fixed, the dependence of the out- 
put effect on the other is characterized by a curve which is a cross 
section of the surface of the solid by a plane. Fig. 7.3. shows the x 
curves p as a function of t at F = const, which are cross sections of | 
the surface p(t, F) by the planes F = const. Figure 7-4 shows the cur- 
ves p as a function of F at t = const which are cross section of the 
surface of the solid by planes 7 = const. 

In contrast to the correlator, the output voltage of the optimum 


filter is described by the time function w(t) and not by the ‘single nu- 








merical value Z. The performance of the filter is naturally character- 
ized by the shape of the envelope of the output voltage in the absence 


of noise for different values of Qs and Qa0 of the expected and received 
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Doppler frequency. By virtue of [(12) §4.6] we have for the envelope 


V()= fe Jee ae (1) 





Fig. 7.3. Cross sec-~ Fig. 7.4. Cross sec-~ 
tion of the ambiguity tion of the ambiguity 
solid by the planes F = solid by the planes T = 
= const, = const. 


In analogy to [(5) §4.6] we find the magnitude of V(t) = Vope!*) 


by means of the relation 


et (9-2) (fot , 


Re Vou (4 el} = =Re [co "(—de 
where W in the right part of the Seuntion has been replaced by ®, — Q,, 
Hence 


Vonr ()= CU (ty ~ tel Pan . (2) 


Considering that the input of the filter is acted on by a signal with- 
out noise with a lag time too and the Doppler correction 2 aos Wwe have 
Re [Y¥ (é) ely = Re (U( he fog) of e-Bae) 4, 
hence 
Y= Otte, (3) 
By substituting (2) and (3) into (1) and noting that 


T1®, (t4~t) —e9/,) 
je a \*o “|=, 


we find 
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+ 6 we obtéin 


Wize f U(s—ty,) U'(s—t t,o! tafe? dst. 





After substitution of the variables s = too 


7 (2,8, .)4 


We ZC] [UOT O—Hrt bale a9 





‘ | 
V ()=C¥(t—t,— ty F). (5) 

The relation (5) indicates that the shape of the signal envelope 

at the optimum filter output in the absence of noise is described by 


| 
the cross section of the ambiguity solid in the plane F = const, cor- 
responding to the given difference F of the true and expected Doppler 


frequencies. The greater the true lag time too the later appears the 
maximum of the voltage envelope at the filter output. 

In the absence of a frequency separation of F, the maximum of 
the voltage envelope corresponds to the moment of time v0 + tos and 
the envelope itself is determined by the cross section F = Q. The 
more distant the target, the later the pulse at the filter output ap- 
pears (Fig. 7.5). With frequency separation of F the shape of the pul- 
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se envelope generally changes because the filter becomes non-optimun, 


the maximum of the envelope is decreased and its displacement is pos- . 





sible (dotted line in Fig. 7.5). 


wid. 38 Ff 
\. Feb 


2 a un ots t 
Fig. 7.5. "tiaes envelope at 
the output of the optimum fil- 


ter for different values of lag 
time and Doppler frequency. a) z. 
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§7.6. AMBIGUITY SOLID OF A RECTANGULAR RADIO PULSE WITH CONSTANT INSTAN- 
TANEOUS OSCILIATION FREQUENCY 


As a first example, let us calculate and analyze the ambiguity 
solid for the radio pulse u(f)= »Re[U(je] with the rectangular en- 


velope 


| pn 010 ME OSte<,, 
wH=VH={ if t<O0 ort>x,. (2) 


For the calculation of the normalized ambiguity function we use 


the formula [(10) §7.2]. Noting that the denominator in this formula 
is T;, we find 


o(s, A=L| (ue—ve™as|- (2) 


When we calculate the definite integral (2), like in the conclu- 
sion [(16) §4.6] we consider the following four cases separately: 
a) t<— x3 b) — %<7<0;'C) O<t<ty; d) t> ty 
The diagrams for the shifted cofactors U(s), U(s ~ t) and their deri- 
vatives are shown in Fig. 7.6. 
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Fig. 7.6. Explanation of the calculation of the 
normalized ambiguity function of a rectangular 
radio pulse with constant instantaneous ogscil- 
lation frequency. 


Combining the results for the cases "a" and "a" we have 
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o(s, F)=0 for|s]>ty. 
For the cases -t; £$T§0 and O <t ¢ tT, we obtain, respectively 
%, 


Sgots! 
oe, FJ= | j "dt |an| siastiem ls | 


aft, 
fe 
ait Ft sin #F (tz —+) 
(ss =a [e" ae | af Sesh ee=9 |, 
s 
All these results can be combined in a single notation - ! 


sin nF (*,—~ 
| oat Dl for|=|<tu 


run| 0 for |*|>%: 


At’ F = O we must evaluate the indeterminacy in formula (3). Re- 


(3) 






placing for small values of F the sine by its argument, we obtain 






dst : 
1.01 li = for [st] “sy, (4) 


Q for jt|> tx. 
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Fig. 7.7. Cross section along the planes F = const of the ambiguity 
solid of a rectangular radio pulse with constant Instantaneous osci- 
liation frequency. : 







On the basis of these relationships, Fig. 7.7. shows p as a func- 






tion of t for different F = const. These may be regarded as voltage en- 
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velope curves at the output of the optimum filter at a frequency sep- 





aration of F in the carrier frequency. The detuning results in a dec- 






rease in the peak value and a distortion of tne shape of the envelope. 


Figure 7.8 shows the corresponding relationships, giving p as a 





function of F for different Tt = const. 
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. Fig. 7.8. Cross section along the planes t = const. of the ambiguity 
solid of a rectangular radio pulse with constant Instantaneous os- 
cillation frequency. 
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Fig. 7.9. Contour of the ambiguity so- 
lid of a rectangular radio pulse with 
constant instantaneous oscillation fre- 
quency, 


Each of these curves corresponds to the spectrum of a rectangular 
video pulse with a duration of = 14—I7 e 

Both series of curves can be regarded as cross section ef the sur- 
face of an ambiguity solid (Fig. 7.9) by the surfaces t = const and F = 
= const. Represer.tations of the ambiguity solid by means of level gra- 
dations for two different durations of the main pulse are shown in 


Fig. 7.10 and 7.11. Compression of the ambiguity solid along the axis 
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‘ Fig. 7.10. Standard representa- . | 
1 tion of the contour of the am- Fig. 7.11. Standard re- | 
: biguity solid of a rectangular presentation of the contour 

radio pulse with constant in- of the ambiguity solid at 

stantaneous oscillation fre- @ pulse duration Tt, which 

quency. ° 4 


is shorter than in Fig. 7.10. 


§7.7. AMBIGUITY SOLID OF A RECTANGULAR RADIO PULSE WITH LINEAR MODU- 
LATION OF THE OSCILLATION FREQUENCY 


Sy ratlini gl pncaannpalp eth Caregen eat, 


Let us now pass on to the radio pulse (Fig. 7.12) with linear 


. somal ae 


modulation of the high-frequency oscillation  u(t)=Re[U({\e"] , having " | 


a complex amplitude : | 





i vo={e if O<it<x,, (1) 
P. 0, if f<cOfort>t,. 

my 

re The instantaneous frequency of such a pulse 

: fog Fe Ont tor) 


varies linearly from fy at t = 0 tof) + af =f), + -t, at t= 1,, where : 


oe 


Af is the frequency deviation. 


The coefficient b in the formula (1) is thus expressed via the , 


25 


frequency deviation Af and the curation T; of the pulse: 
baat (2) 
The calculation of p(t, F) by means of formula [(10) §7.2] we 
shall carry out by using the diagrams in Fig. 7.6, because the envelope 
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remains rectanguler., As in the preceding case, p(t, F) = 0 at |[t]>u. 
At —tw&s<0 and Q<«t<z , respectively, we obtain 
| nisl : 
ate: Fyent | i ol (Ob (tate 70 at|= 
: < ‘ fis 0 * 
i 
: “a 
‘ (6t + nF) <5 =p 
: a(t Flags | ferent | 
. z_| sin [Ot + 27) (t2 —+)] * 
- een | ! | 
Combining the results thus obtained | 
inky 
eee and using the relation (2), we find i 
= [ sin} (F+ 8f) (eu — Ie) | it 
é Spe a re OF | SS Sai Ht 
iF — it §. 
o(%) F) = a ay (3) i 
Fig. 7.12 Rectangu- i 
lar radio pulse with { 0 for |t|>%. in 
linear oscillation — 4 
frequency modulation. et 
a On the basis of the relations (3), % 
Fig. 7.13 is a plot of p as a function of 
t for two values F = const, each of which can be regarded as the voi- 
tage envelope at the output of the optimum filter with detuning of F 
with regard to the carrier frequency. 
Fig. 7.13. oe section along the planes F = const of the ambiguity 
; solid of a reétangular radio pulse with linear oscillation frequency 
i modulation, 2) i. 
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Fig. 7.14. Standard representation of the contour of the ambiguity 
solid of a rectangular radio pulse with linear oscillation frequency 
modulation, a) i. 


Figure 7.14 shows a representation of the ambiguity solid by | 
means’of level gradations. It is evident from a comparison with Fig. 
Teil that the ambiguity solid of a frequency-modulated radio pulse is 
rotated relative to the ambiguity solid of a radio pulse without fre- 
quency modulation by a certain angle, whose magnitude increases with 
increase in the frequency deviation Af. 

Let us examine the cross section of the ambiguity solid along 
the plane F = const which characterizes the voltage envelope at the 
output of the optimum filter. This envelope is considerably more nar- 
row than the envelope of the main pulse. At zero separation F = 0 
and the condition ‘AfyS1 , the width of tae compressed pulse at zero 
is 2/af. 





It can be seen in Fig. 7. 13 that a shifting of the compressed 
pulses in time is possible at the frequency separation F. In absolute 
magnitude this shift is Aves SE. and characterizes the velocity error 
re in the measurement of the lag time at the moment when the main pulse 

begins to sweep the target. Velocity errors are typical for any pro- 
cessing which amounts to taking the correlation integral. If t, F << 


i “max 
<< 1 the shift is considerably less than the half Width 1/Af of the 
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compressed pulse and is thus not of any importance. * 
§7.8. AMBIGUITY SOLID OF COHERENT PACKETS OF i. 2 

One of the most widely used radar signals is a signai in the form 
of a coherent packet of radio puises. As an example let us consider 
@ packet with a rectangular envelope (Fig. 7.15, a). In this diagram 
Ts is the duration of each pulse; T is their repetition interval, and 


M, the number of pulses in a packet. 





Fig. 7.15. Explanation for the ana-. 
lysis of the convolution integral in 
the plotting of the ambighity solid of 
a rectangular coherent packet of radio . 
pulses. 1) i. 


Let us determine the nature of the surface of the ambiguity solid 


(2) 


limiting ourselves to a qualitative analysis of the relation (1) and 


a(t, =a [amu e—sye™" atl, 
90 , 


Fig. 7.15. We shall give special attention to a packet without modu- 
lation of the phase or frequency of the carrier. 

If the signals U(t) and U(t — t) are shifted by the time *| >7,=MT7, 
the function p(t, F) will be zero. The same happens when ‘|t!<7, , but 
the pulses of the shifted packets do not overlap. 

Within the limits -—%<r<7, the ambiguity solid possesses a 
series of peaks with a width of at, along the axis tT, which are shifted 
by the pulse packet period T. At F = C every peak of the packet and 
the envelope of these peaks have a triangular shape (Fig. 7.16) which 


can easily be proved. 
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Fig. 716. Cross section along the 

plane F = 0 of the ambiguity solid of 

a @ rectangular coherent train of radio 
as pulses with constant instantaneous : | 
Sh oscillation frequency. @) i. 

























The presence of a large number of peaks of the function p(t, F) along 
the axis tT can lead to an ambiguity in the distance measurement. How- 

ever, if the period of the pulse packet T > t 
is eliminated. 





omnes? the ambiguity 


Let us consider the behavior of the function p(t, F) along the 
axis F. At t = const, the function p(t, F) is the modulus of the Four- 





ier transformation of the product U(t)U(t — +t). If t = O this product 


coincides within the accuracy of a factor with the signal envelope 
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A U(t) and, consequently, the functicn p(t, F) describes its amplitude- 


f 


~ 


frequency spectrum. 
As we know, the spectrum of the envelope of a packet of radio 


pulses consists of several peaks which correspond to frequencies which 





are multiples of the packet frequency F, = 1/f. The width of each peak 


at zero is determined by the duration of the packet and is equal to 
2/T 5 while the width of the peak envelope is determined by the dura- 


pret Fem 


PERETTI A ees 


tion of a single pulse and is equai to 2/T 5. 

Thus, along the axis F at tT = 0, the ambiguity function also con- 
sists of a large number of peaks (Fig. 7.17), The same will be the 
case at ItJ=7, |sfor » etc. 

The presence of a large number of peaks along the axis F can re- 


sult in an ambiguity of the measwrement of the radial velocity of the 
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target, if the maximum Doppler frequency is greater than the recur- 
rence frequency of the pulses. 
The ambiguity solid of a coherent packet of radio sulses with- 

out frequency modulation consists of a number of relatively narrow 
eaks, distributed along the axis Tt as well as the axis F. Its contour 
is shown in Fig. 7-18) by means of three level gradations. Because the 
volume of the ambiguity solid V , = const, the volume of each peak de- 
creases in inverse proportion ‘ their total number but the ambiguity 
of the target distance and velocity reading remains. This ambiguity 
can be eliminated by a priori data  (t<twane, F<Fyaxe) OF aS & result 


of later processing of the radar information. 





"3: 
Tm 
Fig. 7.17. Cross section by the plane 

= 0 of the ambiguity solid of a rec- 
tangular coherent packet of radio pulses 


with constant instantaneous oscillation fre- 
quency T= 0. a) i. 
| 


For a coherent packet of frequency modulated radio pulses the 
blackened regions of high correlation are slightly sloped (analogous 
to Fig. 7.i4) remaining on the shaded vertical bands of Fig. 7.18. If 
the frequency deviation Af. is sufficiently large, the slope within 
the represented section of the axis F is negligible. The length of 
the peaks along the axis t then is no longer +,, ‘but 37 <t (as in 
Fig. 7.14). Compared with Fig. 7.14 the ambiguity solid is divided into 


narrower peaks which reduces the ambiguity with respect to tT. 
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Fig. 7.18. Standard representation of the contour nf the ambiguity 
solid of a coherent packet of radio pulses with constant instanta- 
neous oscillation frequency. a) i. 


§7.9. AMBIGUITY SOLID OF A NOISELIKE SIGNAL 
In addition to the splitting up of the ambiguity solid into a 

multiplicity of narrow peaks, another form of its modificatic’ is of : 

interest. The ambiguity solid is compressed into a sharp peak with 

a single height with the apex at t = 0 and F = O and the remainder of 

the volume spread out over the maximum possible area of the plane 

t, F (Fig. 7.19). 
Substituting the volume of the ambiguity solid V 2 by the sum of 

the volumina of the peak Vy and the spread-out part Vp, we obtain 

V;<1. from the condition Vi=Vi t=. . 
If we could spread the ambiguity solid equally over the area of 

the rectangle o%af , then 

Va== 22h fp? <I, 


hence the height of the layer of the dispersed part of the volume is 





| 
| 
| 
°<syar- (2) | 





: The quantity Ts which enters into this formula, we can regard as 
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the total signal duration, and the quantity Af— as the width of its 
spectrum. These quanti,ies determine the limits of the ambiguity solid. 
In fact, when the received and expected signals are shifted by more 
than is; the function p(t, F) vanishes; at a Doppler shift greater 
than the width of the spectrum, the correlation between the signals 

is also disturbed. 


The above reasoning must be considered as approximate because not 





any signal can be simultaneously limited in time and in frequency. 
However, if the product wdAf. . It is desirable that this product tyd/. 


should be fairly large. 
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Let us discuss the possible methods of approximating this ideal- 


es 


| ized pattern. 


As nas been previously established, a signal of the above con- 


fh Sasa Py a 


. sidered type should, on the one hand, have a duration in time and, on 





| 

| . the other, should extend over a wide band. The shifts of the signal 
parameters t, F (relative to the expected) should in itself disinte- 

7 grate the peak. A signal with linear frequency modulation, of a reg-~ 3 ms 
ular and relatively simple type, does not satisfy this requirement. . 
While the time shift with such modulation destroys the peak, the cor- 
responding frequency shift may re-establish it. In order to obtain an | 
ambiguity solid as in Fig. 7.19, a certain randomness in the modula- | 


tion law is necessary. 


| 

| 

| 

| 

| 

Such a randomness can be observed for the noise section with the 

duration Ts with a frequency band :a/><- » However, with a pure 
noise signal, it is hardly possible to achieve a constant ievel of p 

over the entire rectangle 2,24f (with the exception of the peak). A 


pure noise signal also has a variable amplitude which is undesirable 


from the point of view of the performance of the generators at the op-~ 


timum power level. 
= 209° = 
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is defined by the following Table, where the values of the components 


are given in the upper line and left colwm and the result in the 
corresponding diagonals: 


| Te Hence the “noiselike" nature of the signal is preferably achiev- 
s&s ed by a regular phase change within the limits of the radio pulse, i.e., 
| g by nonlinear frequency modulation or phase manipulation, | 
: Special codes have been developed | 
| recently which enable an approximation { 
4 
| to a noiselike signal to be achieved. 
3 Let the emitted signal consist (as in bo 
Fig. 5.l11a) of closed rectangular ra- 
| dio pulses with a duration 1, with 
high-frequency oscillations 
Fig. 7.19. Contour of the (—1)* cos2xft (k=1,2,3,...), (2) 
ambiguity solid of a 
noiselike signal. a) 1. where be assumes values of O or 1. The 
sequence of these figures Ee charac~ ! 
terizes the law of the phase manipulation. 
In order to obtain noiselike signals, the establishment of be . 
codes by means of "logic algebra" (Boolean algebra) has been proposed. | 
An example is the code described by the relation a 
b= Far Oha-s Oru ras (45). (3) | 
| 
The symbol ©. indicates "summation over the modulus two" which | 
| 
| 
| 
{ 
| 
‘ 


@ 
° 


ee 
ee 


a 


1eG., O@0=0, 0@1=1, 1@0=iemi@iaxo ° (The last relation corresponds 





o 
o 












to the clearing of the binary adder in connection with the transfer cf 
the binary unit to the following discharge). 
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As example we assume §=&=h=&=0 , and 65 = 1, and we obtain 


all the other values of €, by using the formula (3). We then have 
= t OF, OF,OF,—1 
etc. The corresponding code has the form 
0600111001101111101000100101011* 





If the law on which the construction of the code is based, has 
been established correctly, then we obtain on the basis of m initial 
elements (in this example m = 5) a code consisting of n = 2™~- 1 ele- 
ments (n = 31). The further application of the law for k >n leads to 


& periodic repetition of the code elements. Such codes have been given 
the special designation zero sequence code with maximum duration or 


binary pseudorandom codes. 

Although the noiselike signals have the desired structure of an 
ambiguity solid, they also have certain disadvantages. The same opti- 
mum filter, without division into channels, cannot eliminate noiselike 
signals which differ strongly in their Doppler frequency. In order to 
make the reception of such signals feasible, the scheme must be multi- 
channel, 

Outside the peak the level p of the zero sequence code (at produ- 
cts wdAf which are not too large) is relatively high. It is bigger, 
for example, than for a signal with linear frequency modulation. How- 
ever, it decreases with increase of n, approximately as ‘i/vn . 

The ,noiselike signals must be distinguished from the phase-mani- 
pulated wignals with lower residue level (p = 1/n) on the time axis Tt 
with optimum processing. The latter are known up to n = 13 and can be 
<tas 
such a signal and its optimum processing is given in Figs. 5.11-5.13. 


used for the separation of frequencies - An example of 


Because noiselike signals have a residue level which decreases 





only as Yn , their use is rational only at a fairly large number of 
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elements n. For zero sequence codes a residue level (20+30) db or 





(1/Y'n)2= 10-24-10) occurs only for n=2™—]> (100+1000) , i.e, ata 
number of elements of 127, 255, 511, 1023 and over. This circumstance 
causes great difficulties in the design of the optimum filter. 

Henc> modified pseudorandom codes have been proposed with a number 


of elements n = a. characterized by the fact that the pulse character- 


istic of the filer for these codes can be designed by using only m = 
logén delay linus without any additional branches. For n = (128+1024) 
the number 1S) mw=w(7+10) +» The filter is built of single-type elements. 


Fig. 7.20 shows the system of one (the kth) element of such a filter. 


This element has two independent inputs and outputs and can be regard. 
ed as a six-pole network. Every element contains a delay line for the 
time 2-1 T> (where k is the number of the element and 1, the duration 
of the elementary code pulse) and two alegraic adding on circuits 


which give sum and difference, 
a ' 
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Fig. 7.20. Device of the kth ele- 
ment of the optimum filter for a 
modified pseudorandom code. a) or; 
b) delay line. 
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Let us connect the inputs of the first element (k = 1 and gk-1 To 2 


= Ty) and supply them with a radio pulse of the duration 1, (Fig. 7.21 
a). 
At the output of the first and second adders we obtain two clo- 


sed pulses of equal duration and respectively equal and different po- 
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larity (Fig. 7.21 b). 
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Fig, 7.21. Explanation of the performance of the optimum 


filter and the forming circuit for the modified psevdoran- 
dom code, 





2 Let us supply these pulses to the second element. 


Two methods of connection are possible: without inversion (upper 


output of the first to the upper input of the second, lower output of | 

the first to the lower input of the second) and with inversion. Fig. 

7.21, ¢ describes the output voltages of the second element when the 

connection is made without inversion. | 
The output voltages of the second element with inversion or with- 

out inversion are fed into the third element, etc. Figs. 7.21, d and 

e describe the voltages at the outputs of the third and fourth elements d 

‘in presence of inversion in both cases. The corresponding connection : 

scheme four elements is shown in Fig. 7.22, a. I; 
It is. found that the elements of the same filter can be used for 

filtering as well as for the shaping of the main signal. This is use- 


ful because the generation and reception take place at different times. 





For the transition from one operating condition to the ovher it is suf- 














MBS So 
4 “ 
a . as rents oo ee rr erernennnememnenmenneni tate a me ee 
ak a a mt ferret = a 
TE TL TO PO TL ITI I I pate |, 2! - as aS a 
“g vo fa oy LU Bil a ang . é a ae ‘ rte era Po ean 
‘ x i oo “ok ot oh cinthe ate ae. aS E ote oe sing OO Pe 
oe gee wn se ate SR ce ww: ae SA erent aratiad - FR ro 2s Hine loe Nmcwinate wee pc osh Porta, a want eed fieeh ons On or ’ my 
Se . 7 : : me a8 gat i 
: ee ea ee a t FE gt hae ~ 
2 ors a BR. Sele Oe Eee f : ee, ee 2. x 
* i 2 fom Ma Gy . . Ee oe as oc 3 wate ah Magy aye wien: Co te I oe! 7 “s oo as 








Neonat intend” 


ficient t carry out an additional inversion at the output of the 
first element and an additional inversion of ‘the pickup from the last 
element. The corresponding voltages 9s and o, after such an inver- 
sion are shown in Fig. 7.21 f, g, h, i, k and the connection scheme 
for the elements in Fig. 7.22, b. It is readily seen that 9(¢)=—y's(—2) 
0:(t) =9%(—1 and v(t) =e%(—t) » Which confiv~ms the possibility of using 


the elements of such a filter for transmission as well as reception. 


. §7.10, ON THE CONDITIONAL NATURE OF THE AMBIGUITY DIAGRAMS 


The ambiguity diagrams which are examined in §7.1-7.9 were found 
under condition that the lag time and distance reading is carried out 
for the moment of time corresponding to beginning of the target sweep 
by the main pulse. However, not only the target position at the mo- 

. ant of the sweep may be of interest but also its position during the 
beginning of the counding, the arrival of the reflected signal, the 
formation of the peak of the compressed pulse or at any other moment 


of time shifted any amount relativeiy to any of the above~indicated 


moments. 
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Fig. 7.22. Connection schemes for 
four modified pseudorandom code el- 
ements: a) operation as filter; b) 
operating as main signal former. 


Mees 


if it is assumed that the target moves uniformly during the time in- 


mee Fate 


i 
It is found that the ambiguity diugrams are modified thereby even 
terval between the sweep and the distance reading. This attests to the 


: conditional nature of the ambiguity diagrams. 
- 234 - 


ee toe Ree aE 
ee 





i 
| 
| 
| 
| 
t 
| 
| 


Let us evaluate the possible modi- 
fications of the ambiguity diagrams due 
to the change in the moment of reading 


ett) . ty 
Sf 
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ae 
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| x the distance to the target. 
t 





et Fig. 7.23 shows a diagram of uni- 


Fig. 7.23. Explanation form target motion from the moment of 
of the shifting of the 
moment of distance read- 
ing. a) zond; b) pr. 


the beginning of the sweep t = 0 to 

a certain moment t = 0. Provisionailly, 
without observing the velocity scale, 
the diagram of the propagation of the radar signal is plotted, begin- 
ning with the moment of the start of the sounding 3 


zond 


moment of the beginning of the reception ®or = r/es where ro is the 


distance to target at the moment of the sweep. 


= -Yp/c to the 


Expressing the distance Yo at the moment of the sweep t = 0 by 


the distance ry at any arbitrary moment t = 0, v= have 





fo= Fy 0,0. (1) 
Multiplying the relation (1) by the factor 2/c and introducing 


the equivalent lag time to corresponding to the distance to target 


“ 
4s 


Tyo we ,obfain 
a 
\ h=l, — {Oa (2) 


We'shall regard the pair of values an and a, as the expected 


: 
| 


values of the measured quantities (instead of t, and 2,). Replacing in 


(2) the expected values by the true values, we have 
, é ; 
by =hy—— On (3) 
The signal part of the correlation integral for the simultaneous 


estimation of the quantities tos and a, can be found without repeating 


the entire analysis of §7.1-7.2 in the following manner. Designating 


the new functional relationship Z,(f,,.Q,) in analogy to the old one, we 
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obtain the expression for it by substituting the quantities t, and too 


in the right part of the equation [(2)§7.2] by their values (2), (3) 


eo 
, : 3 a 
Zalty O=-> ( U(+—tyo-+ one) X 
; -e Ses re (4) 
IO (hg pen) erate , : 
Designating (f,e=t,,-++ and &,=:2,,+2<F , we introduce the am- 
biguity function of the pair of measured quantities to9 and 2 @ namely 
Wels F=[Zollgont t Que-f 2eF)|- (5) 
Carrying out the substitution of the integration variable in 
(4), we find for the introduced function the following expression: 


Fo F=[Ef U(s) U* (s—#+-7F) els dee (6) 


ioe Comparing the new expression (6) with the expression found ear- 


lier [(7) §7.2] for the ambiguity function ‘W(z,F) of the quantities 
t, and Qs we have 


| 

1 

' 

¥,(%-F}=¥ (+—7-F F). (7) ose 
In particular, 

¥,(0, 0)=¥ (0,0). (8) 

We divide termwise each of the parts of equation /7) by (8). Then 

J 


ae TA 


we obtain an expression analogous to (7) for the normalized ambiguity 
function 
. & i” 
Pol A=—(s— 7h F). (9) 
Using the expression (9) we estimate the effect of the variation 


of the moment of distance reading % on the shape of the ambiguity so- 
lid. 


. ica a Si OS a eh es et 


Let the original ambiguity solid p(t, F) be the ambiguity solid 


of a rectangular radio pulse with constant carrier (see Fig. 7.11). The 


transformation (9) slopes the ambiguity solid (at .@50 in the clock- 
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wise direction). 

The latter fact is easily explained by the following reasoning. 
Let the true, bat not accurately kriown Doppler frequency be 250 = 0 
(case of inmobile target). The ambiguity (Fig. 7.11) permits the as- 
sumption 2,=2,,+2nF>0, which corresponds to -»>0 . At sucha 
radial speed of the target the embiguity section along T, correspond- 


ing to the ordinate F, is shifted within the time 5 to the side of the 


greater lag time by 20,0 or 2 F » in an analogous manner we find 
that the section, corresponding to the ordinate F < 0, is displaced 
towards the left. 

Of interest is the fact that the previously sloped diagrams 
p(t, F) (Fig. 7.14) as a result of the additional sloping (9) can he 


straightened in some cases, 


Manu- 

script a 

Page {Footnotes ] 

No. 

209 See Appendix 3. 

225 See also Appendix 2 and §7.10. 

231 If we introducé ‘=(-lh& , the coding operation in the con- 
sidered example can be reduced to the use of the normal pro- 
duct na~naliqamsoas (A5) at the initial condition 

M=Mm=Ns=Telendgge—i « The sequence ™, then has the form 
LMI—l—1—-1ll. 
{Transliterated Symbols] 

206 c = Z = zapazdyvaniye = lag time 

207 nu = d = dopplerovskaya = Doppler 

akt ont = opt = optimal'nyy = optimum 

219 u = i = impul's = pulse 

227 . Make = maks = maksimal'nyy = maximum 
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Chapter 8 
CONSECUTIVE REPEATED MEASUREMENTS 


§8.1. SIMPLEST MODELS OF TARGET MOTION (MODELS WITH INDEPENDENT IN-~ 
CREMENTS 


In order to increase the measurement accuracy, the initial data 
can be obtained repeatedly. The more readings are taken, the less is 
normally the error scatter due to the influence of noise. 

However, the measurement process always takes time, and during 
this time the quantity to be measured can vary. This may result in an 
additional error, which is usually termed dynamic error. In order to 
decrease this error, one must make use during the processing of the 
readings of certain hypotheses concsrning the law of variation in time 
of the random quantity a = a(t) which can be measured, or else, one 
must introduce a model of target motion. Optimixation of the. process- 


ing then consists in ensuring the root mean square deviation of the 
selected motion model. Hence it is obvious that the choice. of the tar- 
get motion model is of great importance for the optimization of the 
processing. 

We shall start out with the fact that the model, even though it is 
very rough, should take into account the special features of the tar- 
get maneuvers and at the same time, withouw complicating the calcula- 
tion, result in practically realizable solutions in terms of a cir- 
cuit diagram. These requirements are satisfied by the statistical mo- 
tion models with random and independent increments, on the basis o? 
which the further analysis will be constructed. 
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' Hence we shall introduce into the analysis the concept of incre- 


ments of the true values of the measured quantity during the time be- 





tween readings. 
For a more concrete definition we shall assume thet the distance 
to target is measured with e certain repetition period T (for example, . 
T is equal to the scanning pericd of the station or, if the antenna is 
always aimed at the target, the pulsing period).* 
“The first increment of the measured quantity a (distance) during 
the time between readings we shall term the difference 
= Oy, — Bmais (1) 
_ The first distance increment characterizes the radial speed of 
motion of tne target, averaged for the time between readings. 

The second increment of the measured quantity a we shall term the 
corresponding variation of the first increment 
| ot ot (2) 

The second distance increment characterizes the acceleration of 
the target. 
Figure 8.1 shows a possible diagram of the measured quantity a 
as a function of time for a maneuvering target. If the measurement is 
effected extremely rarely (Fig. 8.1, a) the connection between the 
discrete values of On is disturbed to such a degree that they can be 
regarded as independent random quantities. Hence the results of the 





previous readings cannot be used for improvement of the accuracy of the 
current estimate, i.e., the repeated measurement procedure does not 


give an accuracy advantage. 


ments On decrease and the quantities a, are no longer independent par- 


ameters. In this case the results of the previous measurements can 


be used for an imprevement of the accuracy of the running estimate of 


With more frequent measurements the scatter of the first incre- | 
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O° However, when the measurements are not too frequent, the incre- 


ments On vary from one reading to another in a random manner and they 


can be considered to be independent random quantities, which simplifies 


the analysis. 


If the measurements are carried out often (Fig. 8.1, b) the con- 


nection between the successive values of the first increments must al- 


so be taken into account, i.e., the more or less smooth nature of the 


change in the rate of motion must be taken into account. This means 


that the on are dependent quantities. At the same time, the second 


increments Yn Can still be considered to be independent random quanti- 


ties. 


Finally, at very frequent measurements one could also consider 


the gradual nature of the change of the acceleration, considering, for 


example, the third and also the fourth increments of the measured qu- 


antity as independent random quantities. 





& 


| 


tan t 
a) 


Fig. 8.1. Explanation of the 
nature of the increments of 


the measured quantity a at 
different recurrence fre- 
quency of the readings. 


Models of motion with random 


and independent first and second in- 


crements naturally do not reflect 
all the peculiarities of the motion 
of a real target. Nonetheless they 
permit a considerable improvement 
of the results of processing for a 
maneuvering target as compared with 
a single measurement. 

n the processing of the re- 
sults of observations on non-maneu- 


vering ballistic targets, the equa- 


tion of their trajectory (see, for example, [35]) is used to increase 


the accuracy of numerous measurements as a model of motion, 
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Figures 8.2 and 8.3 present diagrams which characterize the pos- 
sible laws of change of the quantity On for a motion model with in- 


ete 


dependent first and second ircrements (thick lines). The scatter and 


mathematical expectation of the corresponding increments are consider. 





ed to be invariant with time which characterizes their stationary na- 
ture. The mathematical expectations of the corresponding independent 


increments in this case are considered to be zero. 
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Fig. 8.2. One of the possible realizations of motion models with in- 
dependent and stationary first increments: a) plot of the variation 
of the quantity a from one reading to the next; b) discrete values 
of on of the first increments. 


The motion model shown in Fig. 8.2 is convenient for very diverse 


1 
t 
} 
} 
1 
i 
’ 
' 
' 
1 


laws of motion of an intermittent nature, one cf which is shown in 
Fig. 8.2, a. The dotted lines in the same diagram shows the limits of 
the region within which the possible motion diagrams are situated with 
& probability of 0,8 on condition that the initial coordinate is Ao» 
that the initial speed is shevacnaetzed by the magnitude of the first 


increment, equal to zero, and that the scatter of the first increment 


at all points D., = 1. The increase in the scatter a with time charac-~ 
- 2he - 
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terizes the nonstationary nature of the discrete values of On (sta- 
tionary are only the first increments 6). 


The second motion model (Fig. 8.3), in contrast to the first, 





makes it possible to take into account the gradual nature of the change 
of the coordinate a, connected with the more smooth change of the 

first increments 6, (of the speed). The limits of the corresponding re- 
gions for the same probability 0.8 in Fig. 8.3, a and b are indicated 
by a dotted line (on the basis of the known initial coordinate Gy, the 


initial first increment 0 , the initial second increment Yo=r0 


and the scatter OD =1 ). 





Fig. 8.3. One of the possible realizations of the motion model with 
independent and stationary second increments; a) curve of the variation 
of the quantity a from one reading to the next; c) discrete values of 


Nip of the second increment. 


A certain deficiency of the model of Fig, 8.3 is the fact that 
it does not take into account the limitation of the maximum rate of 


motion, which is typical for real targets. 
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§8.2. OPTIMUM SUCCESSIVE PROCESSING OF THE OBSERVATION RESULTS FOR 
MOTIONS WITH INDEPENDENT FIRST INCREMENTS 


Assuming that preexperimental data on' the measured quantity a 


ter of D . Assuming that the uncertainties are due only to the 


are lacking and that its first reading 3 otsch is obtained with a scat- 
lotsch 
presence of noise and that the signal energy considerably exceeds the “g 
threshold value (see chapter 6), we consider the law of error distri- | 

i 


bution normal and the systematic error as zero. 


















The law of the postexperimental probability distribution of the 


measured parameter Oy then will be 





= (:~*) ores)* ( 1 ) 
(a |@ Vest ea et 2D, eres 
PAB 1 arcs ViDiann 
or with different symbols 
fee (2) 
1 = 
p(a,la, ores) =P, = ya e Oe 


Here the subscript "1" of the letter p means that the probability den- 
sity p,(a,) is conditional (the condition is the presence of one and 
only one first reading); or =O eeaah is the optimum estimate; Dy = 


= D is the corresponding scatter (see 1.6). 


lotsch 
Using the relation 


a,==a,+-5,, (3) 
we can predict the value of Gp on the basis of the first reading. 
We shall assume that 5 like OQ has a normal distribution, Then, 
On is also a normally distributed random quantity characterized by its > 
mathematical expectation and scatter. The mathematical expectation of 


2 pr’ It is equal to the sum of , 


the quantity A> we designated by a, 
the mathenatical expectations 
M {a,}=4, orca M {4,} =0, 


LQ, 
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The dispersion of WE designate by Dy pr’ According to the 


theorem on the scatter of the sum of independent quantities x 
Dyay= D+ Duy (5) a 
s where D,==D{3,} is determined only by the law of the target motion. a 
The distribution of the quantities a, predicted on the basis of 7 
- the results of the first reading satisfy the relation ; 
(a8, ap? . “ 
nel Tee rer ve ; 
20D i 
In analogy with the expression (2) we can conclude that On pr is t 
the predicted estimate and Do pr the scatter. It is readily seeh that ; 
the distribution (6) is preexperimental for. the following reading Cos 
Let then the second reading ootsch arrive. Now we can introduce 
: the probability density of e under conditions of two readings 
P3(3)== P,(22| 43 ore) 
a In accordance with the previously known results of measurement 
theory (§1.6) we can write 
; A (a, 1@3 orca) =p, (4) P (23 oxcu | 2)» ( ¢ ) 
Using the expression for normal distributions, we find after a 
taking of the logarithms YP 
Sa a gt const (8) 


Making the coefficients of 05 and Ons respectively, equal in the 
left and right part of equation (8), we obtain 


a 


1 1 i 
dD: Dat dD; eoret . 


OTS = + 3 ores aes . 
Using (4) and (5), we find the final expressions for the optimum 


estimate and scatter of the second reading 
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In an analogous manner we can find the expressions for the optimun 


estimate and scatter of the third and generally mth reading 


. a= oat Dee i 


{ 1 


(a in orey ~~ & 


im OCs naa (13) 


t 





Da Desi Oy, \ Onsen (i4) 


Utilizing these expressions and introducing the results of the 
} 


readings, we cah consecutively find the distribution parameters for the 


second, third, etc., measurements and thus determine also the corres- 


ponding optimum estimates. 


Every subsecuent estimate (13) is composed of the estimate pre- 


dicted on the_ basis of the preceding reading (a, pr * 
a) multiplied with the weight factor 


Signal (a, otseh 
i 


: A= 
x 
4 
4 


-_——_ 
Dm otct * 


On ae and error 


Dm 


(15) 


Thus, the results of the readings are introduced consecutively 


and up to the moment of obtaining the mth estimate it is not nececsary 


to store in the memory of the computer the resul.cs of all the preceding 


estimates put it is sufficient to store the optimum estimate On 


its scatter Del 


1 and 


Let us point out that the abovedescribed processing sequence is 


not the only possible one. One could, for example, obtain m estimates 


x x %& 


% 
Gps Ar, cers Ay at once. The estimates of the parameters Irom a, to 


x 
One then will, generally speaking, 


é 
ed on the ba&*.s of a smaller number 
x . 
Oy» 28 can be shown, is exactly tse 


cessing procedure, Because in radar 


be more accurate than those obtain- 
of readings. However, the estimate 


same as with the consecutive pro- 


the accurate determination or the 


preceding estimates is usually not of independent interect, it is bect 
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to use consecutive processing. 


$6. 3. CONTINUOUS AND INTERRUPTED REGIMES OF CONSECUTIVE PROCESSING FOR 
MOTIONS WITH INDEPENDENT AND STATIONARY FIRST INCREMENTS 


In order to illustrate the realtions of §8.2 and to trace the 
accumulation of information on the distance o, let us first consider 


the simplest case in which 2,= for an arbitrary m. This case under 


the condition 4/{@,,)=0 corresponds to an unchanged distance to the 
target. 
By virtue of the relation [(14) §8.2] we then find 


atte (1) 


me OFCT 


zs entering into the right part of the equation we can 
hing 


find from a relation, analogous to (1) in which m is replaced by (m— 1). 


The quantity 


Repeating this procedure and taking into account that D,=oo (pre- 
eaperimental data on the measured quantity a are lacking as stipulated) 


we can find 





ey Ws (2) 
Ba £3 Dacrex * 
axl. z 


The relation (2) corresponds to the wellknown situation in which 
the scatter of the estimate is calcuiated on the basis of the known 
scatter of observations with different accuracy. In particular, if the 
scatter of all readings is the same, the scatter of the mth estimate 
is m times J.ess than the scatter of each reading. 


Further, we can obtain from the relations [(13) §8.2] that 


a 





im—b | Omores 
oO SEES 3 
. t Duar 7 Da SIC% ( 3) 
C= TAS ane ae 
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ji.e., that the mth estimate is combined of the (m— 1)th and the re- 
sult of the mth resding with weights which are inverse to the respect- 
ive scatters. Using the formula (3) consecutively for the calculation 
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of f- (a=m—1,m—2,...1) and taking into account (2), we obtain 
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i.e., the estimate a, the weighted average. Itt is composed of the 
results of all the preceding readings with weights, which are inverse 
to the scatters of these readings. If the scatters are equal, the oe 


weighted average estimate is transformed into the arithmetic mean of 





timum processing a stabilization of the error scatter takes place. 


The stabilized value of the error scatter can be obtained from 


- 249 . 





tne results of the readings. 
It is clear from the expression (2) thas at D=0 the scatter 
Da of the estimate o, decreases consecutively with an increase in the x 
number of readings. For example, at equal scatters of the readings 
Dacrex=Dorex We Shall have - Dye - It would seem that with a 
sufficiently large number of measurements one could reduce the errors 
| as much as desired. This is really true for absolviely immobile tar- 
gets. However, the usually existing position ambiguity expressed in 3 
the fact that D~0 , limits the process of error minimization. : 
Let, for example, the scatter of all readings be the same D,=oo, 
and the magnitude Ds be “a Dosey #0 Then, consecutively using formula 
[(14) §8.2], we obtain: ; 
P= Derow ; 
== 75 Pores = O,4Dorens 
D,= 75 Dover * 04 IDorers | 
D,=7 Fer Dover = 0,37 Dorews 
i Dis "= 0,35Dore4s | 
It is evident from the above-presented calculations that with op- | 
| 
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Eq. [(14) §8.21 on the assumption for the case of periodic measure- 
ments at a certain interval T, that 
Dn=Dm..=D, 


Dn orcs = Doscas 


D, =D, 


The equdtion for the scatter of the stabilized process has the 





form . 
1 1 1 
eee Mice 
D D + D, ' Dorex 
: (5) 
{ 
or 
D? + D,D oF D,Dores =0, 
hence we have for D> 0 
e ee 
Da (- D+YD ++ 4D Dozen) (6) 


In particular, for the above-considered example the stabilized 


valne is 
1 
D=- Dorex = 0,33Dore% 


Simultaneously with the stabilization of the vaiue of dD. the 
Dm 


Dr ores 


which characterizes the algorithm of the consecutive method of obtain- 


stabilization of the magnitude of the ratio =A,, takes place, 





ing estimates [(13) §8.2]. 
For the stabilized regime is valie 
Aap (7) 
where D is determined from (6). 
It follows from the relations [(13), (14) §8.2] and (7) that in 
the stationary regime any following estimate a, is obtained from the 


preceding ee and the result of the last reading a by the same 


m otsch 
rule, regardless of the number of the observation: 
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§8.4, REALIZATION OF THE OPTIMUM CONSECUTIVE PROCESSING FOR A STABLE 
MOTION WITH STATIONARY FIRST INCREMENT 


The circuit of the computer corresponding to the optimum proces- 
sing rule [(8). §8.3] is represented in Fig. 8.4. The operations of 
algebraic Sommatlon are carried out by the adders 1 and 2. The Pirst 
adder calculates the signal error on the basis of the result of the 
sast reading obsch and the preceding estimate aa 


a a 


: = . Goteds a er 
ice i 
1; 
' } 
aj ‘ 


a 


Fig. 8.4. Circuit scheme of the de- 
vice for the consecutive elaboration 
of optimum estimates in the station- 
ary regime with independent and sta- 
tionary first increments of the mea- 
sured quantity a. 2) otsch. 


* 
The estimate On is given by the second adder, whose input has 
been supplied with ce and the signal error, multiplied by the con- 


stant weighting coefficient A. The preceding estimate is taken from the 


delay line, connected with the output of the second summator.* The de- : 


lay in the line is assumed to be exactly equal to the repetition period 


of the readings. The multiplication with the constant weighting coef- 


ficient A can be carried out in a potentiometer, amplifier, etc., cir- 
cuit. 


The computer circuit scheme thus obtained contains two closed 


circuits with feedback, One of these is outlined vy a dotted line and 


is simply a recirculator circuit (see Fig. 5.16). 
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In order to give another important interpretation of the proces- 
sing scheme derived above (Fig. 8.4) let us introduce the transmission 
characteristics of the recirculator from its input to the output cf the 
summator K, (p) and from its input to the output of the delay Line K,(p). 
This means that if the voltage ept (in the operator form) arrives at 
the recirculator input, the voltage K,(p)eP® is taken off from the out- 
put of the summator 2 and the voltage K,(p)e®* from the output of the 
delay line. Hence, taking into account the peculiarities of the sum- 
ming operution and the delay in this circuit, we have 

eP! 1 K,(p)eP!==K, (p) ert, 


K, (p) ef oT) K, (p) ert, 


hence 
K, (A=; ! 


—evAr’ 


Ka (p)=K, (p)e~"". 





If the process of fluctuation of the quantity a is fairly slow 
(compared with the period T), then the discrete sequence of the values i 
a, can be replaced by the function a(t) whose spectrum does not con- 


tain frequencies greater than 1/T. 


In order to obtain an estimate cf this function we assume 
e777 =1—pT, 
so that 
K,(p)=sp- (3) Ht 
This means that the recircuiator can be replaced by an integrator. Then 


Keo" ahs (4) 


applies, which corresponds to the voltage difference between the out~ 
put and input of che integrator. 

In practice, instead of the difference On otsch ~ %n-1? We can 
introduce in the circuit scheme Fig. 8.4 quantity which is proportional 
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to it, which correspondingly modifies A in this circuit. The quantity 
proportional to (a, etsen a, 3) is obtained, for example, by means 
of a time discriminator in the form of a error signal voltage. 

Thus, the scheme devised in Fig. 8.4 corresponds to the well-known 
selftracking distance circuit with single error signal integration. 

The scheme of Fig. 8.4 records only the measured coordinate (dis- 
tance ) and does not record the rate of its change. If in contrast to 
the above assumptions the first increment has a finite mathematical 
expectation, the error on account of not knowing the rate of motion is 
transformed from a random to a systematic error. This error has been 
given the special designation dynamic speed error. It is not present in 
a circuit with two recirculators (integrators) which is the best for a 
motion model with independent second increments. 


§8.5. OPTIMUM CONSECUTIVE PROCESSING OF THE OBSERVATION RESULTS FOR A 
MOTION WITH INDEPENDENT SECOND INCREMENTS 


For the motion model with independent second increments there is 
@ connection not only between the measured quantities On and nd but 
also for their first increments O and Oneal" Hence it is preferable to 
store data on a as well as on 6. 

Assuming that in the result of the readirg ‘m — 1) a nostexperi- 
mental probability density  Pm-i(3m-y %m.i. is obtained corresponding to 


a two-dimensional normal distributional law: 
Prvea(%ma=a9 er ge 


1—2,_ P+ D, inant, Cnat— na (1) 


fr op (2 
A(m—1, mrt 
ex — 
x P| 2(0, ree 


Kin mos — Sqn 1) Omar a1) | 


~- Ki) 


Here Din and OD. ,- are the scatter of the measured quan- 
tities e-, and &,., after the (m—1)th measurement; x,,., is 
= e0e = 


eee eneings tae SEAT INRA see Sate mare 


SA mentee Re RL ee RY AS 


ane 


-—~ 


a SME te HEY neeteerngiten ne 


cee ee anya ome FE net ME ee ee 8 


NS . ~, 
feiss sh eect, Raeatae ae a / = 

she correlation element connecting these quantities; «¢.., and 

i _— are the mathematical expectations or, which is the same, the op- 


timum estimates of these quantities. 
Using the distribution (1) and taking into account the regulari- 


ties of the motion and the result of the mth reading of a 


wi 
m otsch’ Ne 


can find the probability density 2n(3n4,) in analogy to §8.2, where 
the distribution pn-i(an_,) had been found on the basis of the dis- 
tribution  Puiam) . 

An intermediate stage is the prediction, i.e., the detecvion of 
the ccnaitional probability density  Pm-:lam@m) of the distribution of 
the predicted values On and a by means of the data of the preceding 
(m —- 1) readings. 

We shall carry our the prediction in accordance with the relations 

Gm =O bm -b Ym, 
Sn Ima b Ym 

We take advantage of the wellknown expressions for the mathema-~ 

tical expectations, scatters and correlation moments of the connectivi- 


ty of the sums of random quantities: 


M {4-+-o-+ w} = Mi {u}-- M {uv} + Af {w}, (4) 
D{u--v-+-w}=D {u}+D{o}-+D {o}-+ 
2K fu, v}-++-2K {u, w}-+-2K {u, w}, (3) 
K{u-te+y, r-+-ss=K{u, i}+K {u, st 
Kf, FAK, s}-+-K{w, r}-K{o, 5}. 6) 


In particular, using expression (4), we take the mathematical 
expectations from both parts of the Eqs. (2), (3). 
We take into account that after the (m— 1)th reading the mathe- 


matical expectations of the quantities m-: and ¢,., correspond to 


their estimates a and @ , those of a, and 6, by the estima- 
tes C4 pr and on pr? predicted on the basis of the previous reading, 
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and that the mathematical expectation of Via has been stipulated to be 
Zero. 


We then ohtain 


Smap = a ct Wad (7) 
Om up= an. . (8) 


Using (5) we find the scatter of both parts of Fqs. (2) and (3). 
Taking into account the independence of the increments Yon from all 
prec ding increments, and of course, from a,., and 4,.. , we have 


K {any Im} =K (Fniys Im} = 0. 


The scatter of the predicted values of Ot, and On then will be 


Dan np = Date — ty Ppimamts-F Dy 2K m= as (9) 
Dan ap = sm —y 1 Dam’ : (10) 

Finally, using (6), we find the correlation moment of connectivi- 
ty Knap=K{inny Ima} °° BY virtue of the relations (2), (3), (6) and 
the independence of the second increments, we obtain 

Kmap=Kn-r + Dy ey bom (i1) 

The quantities On and or obviously have a normal distribution as 
the sum of normally distributed quantities. 

Hence the five parameters [expressions (7)-(11)] found in analogy 
to (1) determine the without ambiguity the distribution law of O and 
6 otter the prediction 


~ x ] 
Pm-3 (Sms mj = 


28 Y Don a> um ap — Kes ap 


Dz, ap (2m —— Om az)? Dam np Cn — om ny) — 
aSexP [- Gn. tun (12) 


— 2K m ap (4m — Im 29) 2m — 3m 9) 
— Kia) ; | 
This law we shall consider as preexperimental with respect to the 
moment of the mth reading. 


After the reading has been obtained one can find the postexperi- 
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mental distribution law of the same quantities 
Om (Sms §,,) == Puy (Gan Sn {On ores) = 
(13) 


= KPm-y(m &m) P(Gmoren| Sms Om) 
If, as in [(1) §8.2], it is assumed that the measurement errors 
‘ a are caused only by noise* and that the law of their distribution is 


m 
normal with a mathematical expectation of zero (absence of systematic 


error), we obtain 
P (Am oxox [ms &m)= 2 (@m ore | mn) = 
ie ce 
aD 
Substituting (12) and (14) into (13) and using for Pm(amdn) a 
notation analogous to (1) with the substitution of (m-— 1) by m, we 
find after taking of the logarithms 


Dy, Gm — a,,)? + in Cn — ay? — 2Kin Gin — a,) em — 37) ee 
a 2 (Dyn Dam — K2) 


a Dun np (m —~o, np* + Dam np Gm ras 8m up)? oe ( 15 ) 
2 (On npn ap 


— 2K 2p (Am — Om ap) (8m — Sm np) (Gm — 2m ores)* 
au ag ea Kz.) tape a -+-const. 


By consecutively comparing the coefficients at a 3, Qnevins Si, end 


o 


6 a in the left and right part of Eq. (15), we obtain five equations, 
which connect the parameters of the postexperimental distribution with 
the parameters of the postexperimental distribution with the pare- 
meters of the preexperimental (predicted distribution and the distri- 


bution (14) of the reading errors: 











Dun snap I . ’ 

ees Ss eee els ! 

bn ie dbn'up ‘ Dan orct - 16) 
Dan Ovmnp 

ha banp a (17) 
Keo Keay 

i ee (18) 

= 255 = 








j 
sete Apnea, 


oF 
fe 
M 
re 
7 , 4 
* 2 
: . 
- "3 
g 
oF 4 
‘ wan 
a ba 
tet: ae 
= hs ; 
Hs 
Piaeeh - 
ee 
ae 
Ba 


PO ee ne i ee 


PE ee ee om ews 





Ly fe 


7 











Be te 7 4s 2 FL ge. on 





e 2. a 
Dyin — KmPin wz Pinnotm no — Km cofmer | om orer Gm ores 


bn - om ap “Duoves " 


ah ; (19) 
K tm Demin ee Ke- np%m np — Dyin pom ap 
bn = = bn up ° 


Here is bn=D_ Din — Kas Sin np = Don upPam ap Ke 


anmup map map : 
By multiplying the equations (16) and (17) and subtracting the 
squared equation (18), we find the relation for a 


c+ Be). 


Dm orcs 


me 
5 =i 


Using the value of A. thus determined, we find from (16)-(19) the 
expressions for the parameters of the mth distribution of D,,, D_. Km 


and «1,8, . If we introduce the coefficients 


Dun np Kap 
An =" Din ap + Dmeres” Bm= Dun ap + Dmorex 


the sought-for expressions assume the s*mnler form: 


D == AmDm orca 

Dy Dan np BmKm np» 
Km==BmDm orcas 

@= Om up -t Am (4m ores — Sm ny)» 
8,= 8m nyt Bm (2m orn — Sm np) 

By substituting in the expressions thus obtained the parameters 
(7)-(11), which characterize the results of the prediction, we express 
the parameters of the mth distribution directly via the parameters of 
the (m — 1)th distribution of the mth reading: 


Dem—t) + Dyn—ty + 2Kmai Dain 


An= ~~ Datnmt) T Dum~ ) + 2Kmart Dat Du ores (20) 
Dym—t) + Kner t+ Bun , : 
Bn = D5 F Dum) F tk as + Dym F Dm ores (21) 
D m= AnD orcs? (22) 
Dy; = D, ieaicr Dra By (K =k +D Xm—l) +D ma)? (23) 
2 256 oe 





2s we, 
SeGAR IE _eyt ese 2 oe Jae x 
Foe a SS ce, enone Perea PPE oe wenn Fe we pet 


ere cane iedetnn wanettetten meee 


eT ne ent RENT pe pe ee ae 


mee elie net SCR = me ae + en ame seepage hE 


° 
1 BERET 22 RRR Sate | , 


2 Kn=BaDin oTc4d (24) 


¢ = Gx + oj + An (4m ore — an — St ), (25) 


a 


8, == 8) + Bin (Amores — Sy — Smut (26) 

Using the abeve formulas (20)-(26) and introducing the results of 
the readings (m= 1, ...), we can, as in the case considered in §8.2, 
find consecutively the parameters of the distributions of the measured 
quantities, thus determining the corresponding optimun. estim tes. Any 


subsequent estimate (25), (26) is composed of the estimate (a. Pe,, 


m 


and eo respectively) predicted on the basis of the preceding read- 
ing and the error signal ( @morey— S424 ), multiplied by the 


corresponding weight factor An or B.. The error signal is calculated as 


before as the difference of the reading An otsch 


| 
and the predicted va- 
lue of the measured quantity, which, in contrast to §8.2, is plotted 
by taking into account the estimate of the first increment ee (i.e., ! 
the speed estimate). 


§8. 6. \UNSTEADY AND STEADY OPTIMUM & ISSCUTIVE PROCESSING REGIME FOR A 
‘MOTION WITH INDEPENDENT AND STATIONARY SECOND INCREMENTS 


we 


iene 


stan = 2@n, 
* 


Int order to illustrate the relations of §8.5 and to trace the 
accumulation of information on distance and speed, let us first consi- 
der the simplest case, when Di g@=D,=0 + With periodic’ target sweep 
this corresponds to a target motion with a strictly constant, although 
unknown speed. For the sake of simplification we assume that the scat- 
ter of all readings is the same and equal to Do: 

Let us trace out the consecutive prezessing of the readings fr - 
this case. 

Assuming that up to the first reading information on ay and O4 f 
is lacking, we assume a5 Oe ech and Dy = Do: In view of the fact ‘ 
that one cannot give a speed estimate on the hasis of the results of a 


a cinrle reading, we assume D,=:co, X=.0 - Substituting these values into 
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[(20)-(26) §8.5] and assuming m = 2, we find A, = By =li.e., 
a= Das D= D,, K,=D,, . 
\ &,==4, ore 3 = & orey —— Gorse 
Q . : 
Assuming that m = 3, we obtain A, - ff ted Ba = 1/e, ise, 
Bie Dy tp op | 
3 Ee Ye Yao 7 Yo No ee S i 
¢ e . e gE e ae ; 
° Gy =a, 1-8, = (4, orey — 4, — 4, )s 
° 1 ° ° + mt 
: 8, =e, +> (2, ored — 2 — &) 
or 
. 1 t Be 
a, == — FS, creat > @s orga 6 7a orcs» 
Sex! 
3 =-5 (2, orey — % ores)» 
7 = : 7 oe 
For m = 4 we shall have ‘A= BHT ies 
Dep pe poke. 
a 10 e? Mu TO et “A Tee 
o- e ae 7 ° ° 
= 3 +8, tip (@s ores — 2; — 8 )s : 
e ae 3 e ° 
5, = 6 + Fy (Ac oreu — @; — 4 ) 
or ; 
° 2 1 4 7 
4 g=— To % orca jo “2 oreut Fo a, orca To GZ oscus 
: "3! i 1 3 
> 4 =— 0 , oreu— 79.43 oces"f To % oreut 7p Ss orcy: 
9 
It can be seen that in proportion to the inout of new readings, the 
: scatters D and D. are reduced. 
x? am m : 
a ' 
The scatter Dm decreases particularly quickly, which is the case 
} 
in reality only if the motion if completely regular ( D,=C ). The ‘ 
«| ss D id é , 
? optimum coefficients A,= = and B ._—"". , by means of which 
, Dun orcs m Dm aren 


the new estimates are worked out, also vary from one measurement to the 


next in consequence of the improvements of the estimates. * 
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The usually existing ambiguity of the law of motion, consisting 


a 


in the fact that D0, limits the process of error reduction, also 


results in the establishment of optimum values for the coefficients 


If the optimum measurements are carried out periodically, and if 


D,, =" D,=:const ANd Dy, orey == D, = const » the stable values are found 


ns 
-- 
~~ 





+ eer, 


Pig =A, | (2) 


It follows from the relations (2) that with the stabie regime of 


optimum measurements any consecutive estimates are obtained from the 
and the result of the last reading 


‘ 


. so pe 
atten, ee hee tte Det nae ae 


preceding measurements 3), 4), 


Oy otsch by means of the same rule independent of the number of the ob- : 


servati 3.1: 


gem 


at 
eo e ° me . 4 
ee Pocus + Aan oreu— tins = a ),} ( 4 
3 a 
° ae x : 
mi mnt +B (mores a, <= a ). % 







The circuit scheme of the computer corresponding to this proces- 


sing rule is shown in Fig. 8.5, 


BAe 








Fig. 8.5. Circuit scheme of the 
device for obtaining consecutive 
optimum estimates in the smooth 
regime in presence of independent 
and stationary second increments 
of the measured value a. a) otsch. 
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in this scheme the operations sf algebraic summation are carried - 
out by the adders 1, 2, 3. The first adder calculates the signal error 


on the basis of the result of the last reading a and whe preced- 


ia otsch 
ing esrinates a and a. . The calculated error signal is used 


m = 
* 
for vbtaining the estimates On and on : 
The estimate a, is delivered by the second adder, whose input is 


supplied with the preceding estimates a, and a, and the error 
signal, multiplied by the constant weight coefficient. The preceding 


T. The input of this line is ccrmected with the output of the second a 
adder. The estimate .«,., is supplied to the first adder for the cal- 
culation of the error signal. 

The third addez’ delivers the running estimate oo and the preced-~ 
which is used in the first two adders is taken 


ing estimate 7° _, 


from the sutput of the delay line. For this purpose, the input of the 


a? 


third adder is supplied with the preceding estimate #, and the er- 

ror signal from the first adder multiplied by the weight coefficient B. 
This computer circuit scheme contains several closed circuits 

equipped with feedback, two of which represent recirculator circuits. 


The recirculators, as pointed out previously in §8.4, are analog integ- 


rators. 

Finally, let us analyz2 the stationarity conditions (1), (2) and 
find the stable values Dos Ds» K, A and B as a function of Do and Dye 
Omitting in [(20)-(24) §8.5] the subscripts mand (m~ 1), we obtain for 


the five desired quantities five equations, <uree of which are nonline- 





ar. In order to facilitate the solution, we introduce the new variable 3 
. 4 
{ 
1 
co pe (D+ D,+- 2K+-D.), (4) ! 


” 






The equations [(20)-(24) §8.5] can then be transformed: thus: 
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B(s5-1)D,=Dt+-K+D,, (8) 
D.==AD,, ’ (7) 
B(D,7-K+Dj=Dy (8) 
K=8bD,,. ‘9) 


(Dye Kone and B in (6) and (8) we express by D,, D,, and s: 





i 
DK} DVD DET Ts 2 (10) 
DB 
ae et 
B=i/ TEED’ (1t) 


Then, by virtue of (9) and (11), we have 


\ : 1 
K=sy7 





VDD.GFI- (12) 
Further; by virtue of (10) and (12), we have 
D= 7 V 0D.S+1)—D,. (13) 


Finally, from the relations (7) and (5) follows 


— 


s 
Sap en (14) 
Thus, the three unknown quantities Dy De and K are expressed by 
the new unknown s. Substituting the values (12)-(14) thus obtained in 


(4), we find the equation for s: 


‘ — 
s _2+s5,/9,,, 4. 
s— mies Hl +s) (15) 


Squaring the two parts of Eq. (15), we transform the equations for 


s thus 
& D. 
(=ary0qpa= oe (26) 


The function f(s) is monotonous and Eq. (16) can easily be solved 
5 


graphically. This enables us to find s for any relation pb Oand to 
f 2n, DL, Xx ° 
calculate A, 4, b, i and a 


Let us stop to consider the case of small values of the reiation 
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ui which is convenient ror computation. At the same time this case 
enables us to follow the increase in the accuracy of the estimates and 
its limitation by means of the final value of Dy To a small relation 
; a correspond small values of s, so that we can assume in (16) 





Q--s}+2 and (1-+s)=1 » Then we obtain from {16) Sa Ft or 
: saf ae - (This approximation can be used if s<i. ). : 
The relations (12)-(14) then give: 
DD, t/4D,_ 
- i . iD. \ 
[ 
\ 


| 

| 

| 

D=¥ 4D" D; i a}s Y 40° D,- (19) 
Let us illustrate these relations by an example. Let D,=10* «3, 

and D,=10-'4?  , Then from the approximate relations (17)-(19) we 

obtain s=0,l4, A=G,14,2=0,01 and DzM04u2: , i.e, the mean square 


measurement error in this case amounts to approximately 12 m at 2 mean 


Thus, consecutive processing enavles the measurement error to be 
greatly reduced as compared with the error of a single reading. 


square error of a single reading of about 30 m : 

It should be pointed out that in the absence of constant acceler- 
ations this reduction is limited by the random accelerations of the se- 
condary emission center of the target. The latter can be displaced not 
only in consequence of the no.uniformity of the target motion but also 
in consequence of tke fluctuation effect. 

The smaller D,, the greater is the possibility of increasing the 
measurement accuracy during the process of repeated processing. However, 
more time is then required for the establishment of the stationary re- 
gime. Conversely, at D>, » when s=i_, the value D,=D, i,@, 
the measurement accuracy, are not increased and the stationary regime 


begins practically instantaneously. 
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This case corresponds to a very high degree of discreteness of 


the readings. when the information on the target arrives rarely. Hence 


pos eee ew 
ated) at At ee 


it is evident that a reduction of the scatter is impossible if the in- 


formacion on the target arrives too infrequently. 





It is readily apparent that the scheme of Fig. 8.5. with two re- 





circulators (integrators) was developed in consequence of the assumpt- ‘eo 

~ ion of a stationary second increment. The hypothesis of the stationary 4 ; 
d 

first increment, as we have shown earlier, leads to a scheme with a ' 

single integrator. 13 


Schemes with consecutive processing can be designed not only when 


4 
} 
4 


3 
q 
1 


ak 
also wnen a linear combination of a conrdinate and its derivative is = 4 


independent readings of the measured coordinate are carried out but 


read off. As has been shown in 27.7, this case is typical for a signal a4 
which is frequency modulated in accordance with a linear law. 


When consecutive measurements are carried out it is possible to aa i 


«ae 
* 


* 


: compensate for the Uistance measurement error (at the moment when the 3 wt 


a 


sweep is carried out or at any other moment of time), connected with 


ares 
Lage 
: 


the lack of information on the radial sveed, because the processing 


t 


at on 
‘ 


Ke ee 


scheme contains information on distance as well as speed. 
In the analysis in §8.5 we examined the case in which only the 
readings of only one measured coordinate a were introduced into the pro- 


cessing circuit. For the signals, discussed, for example, in §7.8 and 


ets EE coe Sy se, 
: i. Meee : 


t 


“ 
i? 
if 


7-9, independent speed readings on the basis of the Doppler frequency 


are also possible. 









If the accuracy of these readings is not too low, it is feasible 

to feed them into the processing circuit (Fig. 8.5) in combination with 
> the generated speed error signal ( d8noren—d*n-1 ). A case in which the 
single speed measurement is accurate but ambiguous, is then also pos- 


sible (§7.8). If the processing circuit for the coordinate readings en-~ 
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ables this ambiguity to be eliminated, the modified circuit will de- 


liver accurate and unequivocal speed values which results in a decrease 


in the error of the measurement of the coordinate a (distance). 
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No. 
| \ 
| 235 Let us point out, however, that most of these relations re- i 
main valid a.’ for other cases of periodical as well as 
nonperiodice . nuasurements. | 
| 
250 Instead of this line, a noniinear time delay circuit can be | 
used. 
| 
255 In particular, we have in mind that the speed error of 4 
single reading (§7.7) is absent, i.e., that the result of . 
the reading depends only on On and not on On | 
258 Let us point out that the variation in the optimum values of i 
the coefficients An and By takes place not only during the : 
regime of estimate improvement but also during the reading : 
dropout when the scatter of the individual readings becomes 
e infinite. , 
4 Manu- 
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APPENDIX 
Appendix 1 
QUALITATIVE DETECTION INDICES WITH SQUARE SIGNAL SUMMATION 
Let the voltage at the output of the square-law adder be 
U =U? + U2... +0}, (1) 
where Uy Ups aes UL are independent random quantities, distributed 
in accordance with the generalized law of Rayleigh 
Bike 
gy +U; 
pUd=Uibane ? — (Ui>0h (2) 

4 The mean square noise voltage in the relation (2) has been as- 
sumed to be equal to unity. Let us now find the distribution law of 
the voltage U at the adder output. For this purpose we write first the 
distribution law for a random quantity =u} 

\ dU 
Piud= PWS ae 
teen, 


. 1 “ _ i Hg fe 
Prd=zhliaKae 7. (3) 


[ 
The characteristic of the distribution function (3) can be repre- 
sented in’the form 


. 2 
0; (s) = f pin) dn. (4) 


~~ 


By replacing the modified Bessel function with its integral rep- 


resentation [(9) §3.3] we obtain 
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Changing over to the new integration variables YVircsg=x, and 
Yusing=y, we find 


© = ( % J’ 
PE) us x 





2 2 
© as y 4 % 


XT j aoe dye = cil—Ps) 








1—)2s° (5) 


The characteristic distribution function p(U) is found as the pro- 
duct of the characteristic functions 0, (8). Considering that the en- 
ergy of all pulses is the same, we obtain 


. 
a 





ee imps 6 
) = 8 = eA et SF ( ) 
. U (s) H a (s) e (I ae jos)" , ; 
where A=M oe » or 
AL - 
Aso} a 
Gy (s) = eT a gau-i iis 7, (7) 


The desired distribution of the quantity U then is 


mn 
PW)= ¥ { ®y (syeH*ds 
~o ° 





or 
oOo Ts: 
1 _, dit-t gee —WIy5, 
pwi=se ie | iam (8) 
3 
In order to find the value of the integral in relation (8) it is 
sufficient to make the assumption M=1, i.e, us», + The probabi- : 
lity density pW=pl(n) can then be calculated by means of formula 
(3). Noting that at M= 1, the quantity a=yi, , we find 
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Because (9) is valid for any U and A, it ¢an,be substituted into 





é 
(8): Then we obtain a 
x 

1 at qiict Wrett Z \ 
pli=ze Teh 2) (UDG, (10) . 


In the differentiation of the modificd Bessel functions one can 


“ 


consecutively use the following relation: 


d ., 2 j 
de (sD) = lat Ma(z) (a=0, 1 Ze eh 


Then we obtain finally 
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ely (V 280), (11) 


where A= his e 
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Formula (11) describes the distribution at the adder output in 


en? aR 


presence of signal plus noise. The corresponding formula for the noise 


(meaner 


alone can be obtained if in (11) we go over to the limit 


fo ‘ 
PR aoe 


at AO. Tn order to discover the ambiguity thus obtained, we make use | 


we 


of the fact that 
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Then we obtain 
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From the relations (11) and (12) we can derive expressions for 


the correct detection and false alarm probabilities in the case of a 


rectangular incoherent and non~fluctuating pulse packet. ° 


1 U\ 2 wate> oes 
d= if (zx) e Jy (V 2AU) dU. (13) 
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ao or 


eo 
(14) 
where Uvorog is the magnitude of the threshold, selected in accordance 
‘ 
with the above-defined false alarm probability F. 
The above found relation (12) makes it possible to estimate also 


the qualitative detection indices in presence of independent fluctua- 


tions of individual pulses in the packet. Because this case (see §3.6) 


is equivalent to a single multifrequency emission with independent 
fluctuations at different carrier frequencies, the qualitative indices 
can be estimated also for this type of signal. Square summation (1) is 
che optimum form of processing for any signal with independent fluctu- 
ations (see §4.9) at an arbitrary ratio of the mean pulse energies and 
the spectral noise density. 

It is then logical to conclude that in presence as well as absence 
of a useful signal, the amplitudes U, in formula (1) are distributed in 
accordance with the Rayleigh law. Hence the distribution (12) for the 
sum vas? can be used in both these. cases. It is merely necessary 
to penienbed that the quantity % taken in (12) as equal to unity for 
the case of the absence of a useful signal, increases in its presence 
in accordance with the relation [(10) §6. 3] tome times. Taking 
this into account, we obtain 

0 U 
ae ie [vez (15) 


Thus, the probability D of correct detection of an M pulse packet 





or M frequency signal with independent fluctuations with optimum pro- 


cessing (part of which is the square summation) will be 
; - meee 
———— M-} 2 
P= Ny, 5 om ee 
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Integrating by parts, we find 


‘ess aes 


“Real cae (16) 


(ea) | 


The false alarm probability F can be found from the same expres- 


sion (16) by substituting into it g=0 . 


: : ; 2 
. | For example, at M = 2 and Usorog = 38 (in units vj) we have 
| Fxi0-? e in order to secure a correct detection probability D = 0.9 


we must have a ratio of the energy of a single pulse to the spectral 
noise density of F- 35 or the same ratio for the total energy of two 
8 


3: ; ‘ 2 : 
pulses N-S70 (instead of the ratio wx 1n9 in single-freauency op~ 
a 


eration). 


A slightly less accurate result is obtained if the detection of 
the packet or multifrequency signal is carried out without utilization 
of optimum square summation. Let, for example, the presence of a sig- 
nal be assumed if even only one of M independently fluctuating pulses 
exceeds the threshold. If Dy and Fy are the probabilities of exceed- 

i ing of this threshold by any of these pulses (in presence or absence of 


a useful signal, respectively), the probabilities of the threshold now 





being exceeded by a single pulse will be (1 — D,)" and (1 ~ F)", and 

the probabilities of exceeding the threshold by even one pulse will be 
D=1—(1—D,)" 

and 
F=1i—(1—F,)". 

In particular, at M = 2 for D=0.9 and F = 107", we have 2, 063 
and F,x05-0-7 4 from which, using [(12) §6.3] we derive ie = 85, 
e Compared with a single nonfluctuating signal, the fluctuation los- 


ses at D= 0.9 and F= 107! amount to: for a single-frequency fluctua- 


ting signal (see Fig. 6.5) to about 8.5 db, for a two-frequency signal 
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to 5 db and 6 db, respectively, for the square and above-discussed form 
of non-optimum processing. For signal packets we must also take into 


account the incoherent integration losses (§6.4). 
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Appendix 2 
QUALITATIVE INDICES OF THE OPTIMUM MEASUREMENT OF 
oe TWO PARAMETERS FOR A SIGNAL WITH RANDOM INITIAL PHASE 
If two parameters Oy and os for example, the lag time and the ; 
Doppler frequency, are measure¢c simultaneously, the postexperimental 
probability density  patyi;j=).%c) in Eq [(3) §6.5] is replaced by 
pic. m2) and the quantity Z will be Z=zZ(u,, a) » By carrying out the 
analysis for a fairly strong signal, we can use the wellknown mathe- tt: 
miical relation [(10) §6.5]. Because the distribution peak Py (ay; a5} 4 



















is then fairly narrow, we neglect the variation of the denominator 
[(10) §6.5] within the limits of the peak. In contrast to §6.5 v2 as- 
sume that the preexperimental probability density is not necessarily 


constant but has.a normal distribution with scatters d,> d,, the cor- 


2? 
yulation moment k and the preexperimental mathematical expectations Oy 
and One Considering that the signal energy is independent of the me- 
asured parameters, we obtain 


9 
Pyley %)= C exp ln (2. a,) — 


: (1) 


d, (x, agin pda ape 2k {a, — 2,)(4; — a;) 
amano | 7 emma 


We use a Taylor expansion of the functions Zia, «:) in the neigh- 
bourhood of the true values of’ the parameters Aso and Aoos which are 
unknown during the measurement, limiting the expansion to the second- 
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order infinitesimal terms: 
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All derivatives here correspond to the point A192 Foo°* 
The expression (1) is then transformed into the two-dimensi nal 


normal distribution law 


D, (e.— ai)4-D,{ (a.—<, 3P-2K(a,—9)) ( = 
ORR (3) 


ee cre nec ne OORT gneve Se me a ara 


Py Gy @3)= C, exp [- 


We put together consecutively the coefficients at a a5 and. ay 
a, in the expressions (1) and (3); using (2). Thus we obtain three e- 


quations, containing the unknown parameters D> Do and K of the post- ee 
experimental distribution. Multiplying the first of these equations by * se 


the second and subtracting the third, we find the quantity v,0;~—x: 


after we obtain: 








2 s. 4; 
Di = hace a, ? (4) 
4 
Ds w= —— 
a ibs— 42” (5) 2 
. % 
. 4,3 
Koay’ . ©) 
where 
oe d, a 
b=—F- 2 tine (7) 
d 
iy — 2, otid—F — (8) 
in k } 
Ais =i, ut Tia (9) 
If we compare iri an analogous manner the coefficients at a, and | 
; . * 
a, in (1) and (3), we can find the corresponding expressions for a, and 
as ; i. 
2° [ i 
We use the relations thus found for determining the scatter of 
the measurement errors for the lag time and Doppler frequency. .*or this 4 
' 
purpose it is sufficient to put gat, geek, Z= 5:(, F), a,=0 and | 
c,=0 (see §7,1 and 7.2). | 
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As an example, let us calculate 0,=D, and 0D,=D, on condition 
that d=a, é=0,4.=de and that the emitted signal is a frequency modu- 
4 
peak. In analogy with [(3) §7.71 we put in the neighbourhood of the 


} 
i 
: lated pulse with the deviation si, 4¢>¢, and with nondegenerate 
peak, i.c., for tem 5 

i 


sian (Feu + Af) 1 10 
| | ; a(t, Fy SAE By oe lel Pee tafe. (29) 


Transforming (10), we obtain 





\ eHanse oe pe a Sr (11) 








Regarding (11) as a Taylor expansion, we have 
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Then, carrying out the calculation in accordance with the formulas 
(7), (8) and (9), we obtain 


(Af? nrg niAfc 
wy ey? oe 4e¢9—- pita 42-9 Shee 





; where VS? . Hence, by virtue of (4) and (5) 
oe 3 cs tx 3 
Dade aaa t de (a) (12) 
D;= Dp = dz, 


In this case the information on the speed as compared with the 
preexperimental, has not been improved because d=os in contrast to 
Ope The smaller the product dp , and the greater Af, the less is the 


scatter of the error in measuring the lag time D,, 
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Appendix 3 
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ELEMENTS OF RESOLUTION THEORY 
Let us assume the oscillation y(t), which may contain superposed 


signals and noise, 


¥(t) = Ajay (f. Saye Sie oo ee Ban Base ee) (1) 
7 be Agta (t, Zaye gare ees Pau Zareee-) Fate 
























Here, Ay and Ap are discrete random parameters, which can assume va- 
zues of O or 13 a, and Ao, are random measurable parameters; Biss Box 

\. are random nonmeasureable parameters. If the presence of signal 1 does 
not reduce the qualitative indices of detection or measurement of the 
Stamsthis of signal 2 to such a degree that they become inaccessible, 
we say that the signal 2 is resolved out of signal 1, in the sense of 
detection or in the sense of measurement, respectively. However, if 
this is also true of signal 1 (in presence of signal 2) we can state 
that the two signals are receiprocally resolved. 

In this connection let us consider the detection of signal 2 in 
presence of a nonrandom value Ay = 1. on the assumption that both signals 
have independent Rayleigh amplitude coefficients, equally probable in- 
itial phases and do not contain any other measureable or nonmeasureable 
parameters. Then 

yt) = AF) Xb. Bre By) + Arxa(t, 3 B), (2) 
applies, where A, (O or 1) is a discrete quantity, which can be esti- 
mated after reception of y(t). The solution 0 or 1 can be assumed 


(see §2.7) on the basis of the probability 
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keeping in mind that the role of signal 1 consists in an increase in 
the active noise. The subscripts at the probability dencities in (3) 


characterize the conditions for the presence of both signals and noise 
& 





oy aca Warts Te Pecan eee 


ae n(t) or the signal =(4 6,4) only and this noise. Because with the 


first of these conditions Ay =i], 





| Fao} (14) 
Reres alYQ= 5 a) Pes oly(t)— x3 (4 8 8) p(5, 8) a3. 
From (3) and (4) we can obtain 
| ? (2 3. B 
, tyal= { a8} tly gy OE OD ois, sya (5) 
7 é 
Here = siy()} is the probability relation, corresponding to the case 
of detection of the first signal «(4,8 4) with the random amplitude 
By and the initial phase By against the background of the noise n(t), 
pay. 282.2 {y()}. 
% 4fy(Q)= Pa ly (t)) , (6) 
LUS—-a42 38) corresponds to a substitution of y(t) by yw—x.38 
: in the numerator and denominator of (6); 
yay is the probability relation corresponding to the detection 
of the second signal ~+«,(,38) With the fixed parameters 6, B against 
the background of the noise n(t), 
: On Poly (t)-- (2, 8 8) 
: AiyQl= . Pal¥ O} ° (7) 
The expression z:=|z2 is found by means of the formula [(8) §3.4 : 
If the quantity yi in this formula is expressed via the complex : 

“ amplitudes {(3) §4.7], the substitution |z?=Zz+ is carried out, and Bj 
the product of the integrals thus obtained is represented in the form AS” 
i . ~ . Cor 
1 of a double integral, we obtain ee 
| ~ 275 - 
| M 

“ >, 
we = 7 7 ™ PERT ET PATH TRAE Te sao. ana > 2 Soe os es a a . 
J ” * — ae er eae vata actin fais waa fads ee oon * “a eet S43 ie s Pe ; *4 ie 

s ’ : : - a is a , TUL 
: = oar ee SP RR ee 

ee : S ee Fe be 


Lita ah attic sn eit Pia elie mace DE hm Ces aise tear cmos 








ros y 23 e om 5 - = ~~ 
4 et AS x ‘ a = ve, ee, 
aa at : ‘ id = ag = v= 
FS ae atleat de a we ont . se. oe See > xy ae: 
+ SL Sen 7a er eS Be = = 


; N, } 
Liy@j= Ny aa WeiS,tNy X 


xff Y¥(Y*(s) XX, (s) aa . 
oe y 


* 
~ 
z ee | 


{ 1 ia 
ttyl) —-alls BN oh a 
Ew OPH ie “ 


— BX, (tel? [y* @- BxA() eX) () Xi (s)dlds — 


x 
1 
>. 
J 


— re 1 


-ff ¥(Q)v* (sp X} (YX, (s) dds : 
It follows from the relations §3.1 that 


’ tr, 2 3 
3 = exp [ab shir y, | wet] = 
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where 
Ke B 2 yay) « b= bly(t, 


Changing’ over to the complex form of notation, we obtain 
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As a result, the relation (5) is transformed into 
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or in analogy to [(8) §3,41 
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Here Z characterizes the optimum signal processing; 
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where in turn 
- (i 1 S 
RO=S0— { X;(s) X; (s) ds. (12) 


Thus, the optimum processing operation is carried out in accordance 
with formula (10), where the function R(t) generally does nov coincide 
with X,(t). The equality R(t) = X(t) applies only in the case when the 
signals X, (t) and X,(t) are orthogonal, i.e., when the integral 

co 


$265) X{(s) ds 


co 


vanishes. The ratio of the modulus of this integral to the square root 


of the products of the integrals of the squares of the moduli X, (t) 
and X(t) is termed the correlation coefficient of these signals 


ao 
§ X2(8) X16) ds 
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if the signals X, (t) and X,(t) differ only by the lag time and Doppler 
frequency, the detinition (13) gives the relations of §7.2. 

Having carried out the analysis of the qualitative detection in~- 
dices during processing in accordance with the relation (10), we can 
show that the detection is qualitatively determined by the energy 


E> ek’ In other words, only the part of the energy E5 determined by 


the magnitude of the relati.on 
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8. AOUEISED la eK SAE es ee ome Torr a Nee deenrmmnnntn gt 
Jyxe 3 
3, = S40, (14) 


is effectively utilized. The smaller rho, the greater is tnis propor- 
tion, i.e., the better are the signals resolved. At equal 

Gous = DyrualN 
it is possible to obtain equal probabilities D and F in absence as 
well as in presence of a signal x(¢, &, 3), in which only the amplitude 
and the initial phase are random. ; 

It is found that analogous concepts can be developed also for the 
spatial resolution which is carried out, for example, when the signals 
are received at a certain linear aperture —i/2<x<lj, . Depending on 
the position of the emitters in space, a certain field distribution is 
created in the section £. Superposed on this field is the field of the 
thermal noise with the spectral density Nos which we shall consider as 
sitotropic. Information on the presence of the emitter 2 in the pre- 
sence of a fluctuating emitter 1 (and vice versa) can be obtained by 
analysis of the voltage of the field as a function of the two varia- 
bles Y(t, x). As the calculations analogous to those described above, 


show, this analysis consists in taking the integral 
‘ ip ro") 
Zane = | ( dx f Y(t YR, xpdt]. (15) 
, “If2 0 : 

Additional integration. over x at the aperture £ can be carried 
out in practice by means of a multielement antenna or an entenna with 
a single output with an equivalent directivity pattern. The minimum 
of the latter at optimum resolution of the source of the oscillations 


2 should be directed at the source of the oscillations 1[ 30]. 
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